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ABSTRACT: We perform a systematic search for N'= 1 Minkowski vacua of type II string
theories on compact six-dimensional parallelizable nil- and solvmanifolds (quotients of six-
dimensional nilpotent and solvable groups, respectively). Some of these manifolds have
appeared in the construction of string backgrounds and are typically called twisted tori. We
look for vacua directly in ten dimensions, using the a reformulation of the supersymmetry
condition in the framework of generalized complex geometry. Certain algebraic criteria to
establish compactness of the manifolds involved are also needed. Although the conditions
for preserved N' = 1 supersymmetry fit nicely in the framework of generalized complex
geometry, they are notoriously hard to solve when coupled to the Bianchi identities. We
find solutions in a large-volume, constant-dilaton limit. Among these, we identify those
that are T-dual to backgrounds of IIB on a conformal T with self-dual three-form flux, and
hence conceptually not new. For all backgrounds of this type fully localized solutions can
be obtained. The other new solutions need multiple intersecting sources (either orientifold
planes or combinations of O-planes and D-branes) to satisfy the Bianchi identities; the
full list of such new solution is given. These are so far only smeared solutions, and their
localization is yet unknown. Although valid in a large-volume limit, they are the first
examples of Minkowski vacua in supergravity which are not connected by any duality to a
Calabi-Yau. Finally, we discuss a class of flat solvmanifolds that may lead to AdSy vacua
of type IIA strings.
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1. Introduction

The interest in flux compactifications was originally driven primarily by practical consid-
erations — they allow for a stable supersymmetry breaking, have mechanisms for moduli
stabilization and may even hold a key to the solution of the hierarchy problem (see [fl] for
a review and references). A new motivation is now emerging: understanding the phase
space of string theory, in which an important role is played by flux vacua. In spite of much
progress registered in the last few years, our understanding of these backgrounds is based
essentially on a rather limited collection of classes of examples.

Supersymmetric solutions are most commonly looked for in a four-dimensional effective
gauged supergravity framework (some of the references directly related to the present
context are [JJ-[IG]) . This has succeeded in producing many solutions. It is not always
obvious however that the models produced this way can be embedded consistently into
string theory. For example, the effective field theory is always derived in a large-volume
limit, in particular not taking into account warp factors. On the other hand, it is not clear
whether a solution can be made compact at all. We will see in particular that there are
certain obstructions to this that are invisible from a four-dimensional perspective.

In this paper, we will look for vacua directly in ten dimensions, using geometrical meth-
ods that have recently introduced some systematics in the classification of supersymmetric
string backgrounds. This systematics has been proven helpful for finding and classifying
solutions where the “internal” six-dimensional part is non-compact. Their large number
is in contrast to the scarcity of compact backgrounds. (An obvious explanation for this
difference is found in the tadpole condition, which is notoriously hard for the compact in-
ternal spaces.) The conditions for A/ = 1 supersymmetry can be reformulated in terms of
certain combinations of even or odd differential forms called pure spinors. The differential
equations that supersymmetry imposes on them are best analyzed in the framework of
generalized complex geometry (GCG) [, [§], which was developed concurrently with the



progress on the physics side of the problem (an applied review of GCG will be given in
section ).

The search for N/ = 1 vacua proceeds in three steps. The first one, consists in solving
one of the conditions for a supersymmetric compactification to four-dimensional Minkowski
space, namely the existence of a closed pure spinor on the internal space (see eq. (f.J)).
This is equivalent to a reduction of the structure group on 7' ® T*(M) to SU(3,3) and
the integrability of the associated generalized complex structure [[9, PJ]. Spaces with this
property have what is called a generalized Calabi-Yau (GCY) structure. This, however, is
only half of the story. The full match with supersymmetry conditions requires the existence
of a second compatible pure spinor (or in other words a further reduction of the structure
group on '@ T*(M) to SU(3)xSU(3)) whose real part is closed, and whose imaginary part
is the RR field (see eq. (1.8)). This is the second step of the procedure. The NS flux H
enters the equations through the differential (d — HA). The metric and the B-field in the
internal space are determined by the two pure spinors.

Notice that the RR fields are completely determined by the geometry. In a related
way, the RR equations of motion automatically follow from the supersymmetry conditions.
Up to this point, finding a supersymmetric string background is a perfectly algorithmic
procedure. Indeed, starting from a generalized CY structure, i.e. a twisted closed pure
spinor, one has to find a compatible partner for it, and calculate the RR flux by acting
on the latter with (d — HA). However in order to promote a configuration satisfying the
supersymmetry conditions to a full solution, one has to check the NS three-form equation
of motion and the Bianchi Identities (BI) for all the fluxes. This is the final step in the
search for A/ = 1 vacua.

The first step in this program is where “twisted tori” come in. It has been shown [R1]]
that all six-dimensional nilmanifolds are generalized Calabi-Yau. Nilmanifolds are iterated
torus fibrations over tori, or alternatively, as the name suggests, quotients of nilpotent
groups; we will review them in section . Nilmanifolds are sometimes used as toy models
in mathematics (because of their tangent bundle being trivial, as we will see) to answer
general questions; for example they provided the first example of a symplectic non-Kéahler
manifold. In fact, they are fully classified in dimension six, and some of them are nei-
ther complex nor symplectic: they are however all generalized Calabi-Yau (see figure [
in appendix [B]). This class of geometries will be the principal target of our investigation.
We also considered a certain class of solvmanifolds, i.e. quotients of six-dimensional (alge-
braic) solvable groups, which have also been fully classified. While there are many more
six-dimensional solvable algebras than nilpotent ones (actually, nilpotent algebras are a
subset of the solvable ones), only few of them yield compact six-manifolds. Some of these
manifolds have already appeared in the flux compactifications literature [[L1, B§—B1]. The
connection between compactifications on group manifolds with discrete identifications and
Scherk-Schwarz reductions of supergravity is explained in [[i]. Here we present a systematic
study of this class of geometries.

It should be stressed at this point that most of these arguments deal with left-invariant
(or invariant, for short) structures. Namely, all the forms are taken to have constant
coefficients in the basis of forms left-invariant under the group actions (all the manifolds



we are considering are homogeneous). This is what the counting in figure [ refers to.
This is also what we do in most of the paper: taking the coefficients to be constant
corresponds physically to working in a large-volume limit in which all the space variations
(in particular, that of the warp factor) become negligible. This is the same limit in which
four-dimensional analysis works, and hence the ten-dimensional perspective might seem to
have little advantage over it. But in ten dimensions one can at least hope to find later
the “true” solutions with non-constant warping. This can actually be done in the T-dual
cases, as we will see (see also [2d]); a recent attempt in an AdS, case can be found in [R3.

The second and third steps in the search are more challenging. As we mentioned, the
total RR field F' is determined by the geometrical input of a second pure spinor compatible
with the one defining the generalized CY structure; and nothing guarantees a priori that
F constructed this way will satisfy the Bianchi identities, (d — HA)F = 0. The best we
can do is to work out the most general second pure spinor and try out all the resulting RR
fields.

Let us outline some general features of the analysis of the BI. This reads in general
(d — HA\)F = source ;

taking the singlet under SU(3) x SU(3) (see (.13)), one reproduces a no-go theorem nor-
mally obtained by using the four-dimensional Einstein equation (but see [24]). This no-go
theorem says, for the case of Minkowski vacua, that orientifold planes are necessary for
supergravity compactifications with fluxes. There is however obviously more to the BI
than just the singlet, in general. The most popular flux background so far is a conformally
CY manifold with O3-planes and an imaginary self-dual three-form flux [R3-R7] (usually
called type B). This one is lucky enough to have just the singlet component in the tadpole,
as the left hand side is naturally a top-form: dF5 — H3s A F3.

Consider now the BI in the general case. In the large-volume limit, we can compute
the left hand side as a sum >, ¢;n%, of invariant forms 7 on the internal manifold with
constant coefficient ¢;. (See for example (f.6).) Projecting to the singlet, as mentioned, we
get a positive net contribution which says that we need at least one source of net negative
charge to cancel it. The singlet projections of the individual terms in the sum can be both
positive (and thus O-planes have to be placed there) or negative (need D-branes sources
for cancellation).

A true D-brane or O-plane source would actually give a é-function on the right hand
side, which does not look like the left hand side ), ¢imt, we computed. Hence, the BI can
be satisfied only after the introduction of a non-constant warp factor, which gives rise to
extra terms in the left hand side. In the large-volume limit, though, we can still at least
check that the delta’s on the right hand side are in the same directions as the constants on
the left hand side: that is, they multiply the same 7}, and that the numbers also match.
We will call these limits “global” solutions, because of this “integration”. We will assume
in this paper that this is a necessary condition for there to be a honest, “local” solution to
the BI identities connected to the large volume. This assumption is inspired by the T-dual
cases, in which the condition turns out to be also sufficient. However, for example, we



cannot rule out that there are solutions completely disconnected to the ones in the large
volume we are considering here.
We find the following three types of compact solutions:

o T-duals. These are the configurations T-dual to IIB solutions on a conformal 7'
with O3-planes and self-dual three-form flux. One can take the T-dual by first going
to the large-volume limit, then by using the isometries thus gained to perform some
T-dualities. This changes the topology of the torus, giving rise to a nilmanifold, in
fact not the most general but one with a so-called nilpotency degree up to 2, as we
will see. One can then go back to a solution with a non-constant warping. The
T-dual solutions still enjoy the property (that we saw for the 7% solution) that the
BI for the RR flux, even if no longer a top-form, has only the singlet component.
In each T-dual case there is a single direction for the O-planes. The full solutions
are found both in ITA and IIB (with different types of pure spinors and orientifold
planes). There are nine different algebras that give rise to these solutions.

o Multi-source solutions. These are Minkowski vacua that are not T-dual to a IIB
solution on 7® with self-dual three-form flux; hence they are conceptually new. They
can be found in both ITA and IIB, have multiple (intersecting) source terms. There
is only one solution for internal nilmanifolds and three on a single solvmanifold that
admits a flat metric. Their lifting to a full solution (with non-trivial warp factor) is
not known. There are special points or lines in moduli space where the solutions on
the solvmanifold have no flux. There are also other few solutions on solvmanifolds
admitting flat metrics which have no flux.

o AdS, solutions. Demanding that the internal space is GCY, we find AdS, solutions
in ITA. The internal space is flat (a very special case of GCY indeed; other than
T° [{], the examples involve solvmanifolds). The only non-vanishing components of
the fluxes (H, Fy and Fy) are singlets, and they conspire to generate the cosmological
constant. The warp factor and dilaton are constant and O6-planes are required.

The labels we just introduced will be used as a shorthand throughout the text hopefully
without confusion. We had discussed so far everything in a regime of constant warp factor
and dilaton, or in other words global solutions. Completing the solutions by turning on
the warp factor and the dilaton (of course, without violating the closure of the pure spinor
defining the GCY condition), is the final problematic issue. We succeed in finding the
lifting for the T-dual configurations to full localized solutions. We have not managed to do
this for the second type, where the nil(solv) manifold in question is not related by T-duality
to T6. Thus the heuristic summary of the current state of affairs is that a local solution
is found in all and only cases where the RR flux determined by the geometry happens to
generate only one component in the BI.

The structure of the paper is as follows. We start by reviewing the nil- and solvmani-
folds. For the later the necessary condition for the compactness is explained in detail. We
then turn to a rather detailed “practical guide” into GCG and pure spinors. Conditions
for supersymmetry preservation and the Bianchi Identities for RR fluxes are considered



in section 4. We present the new global multi-source solutions in section 5. Section 6
discusses the T-dual models. It contains some material about T-duality transformations
of pure spinors that goes beyond the direct applications to twisted tori. Sections 7 are
devoted to AdSy vacua and a special case of flat solvmanifolds. We conclude by a brief
discussion of some of the possibilities for further constructions that stay outside the scope
of this paper. In appendix [Al, we give the proofs of equivalence of the supersymmetry
conditions with the pure spinor equations that we use for our analysis. The basic data of
the six-dimensional nilmanifolds and compact solvmanifolds are collected in appendix [B.
Appendix [ collects the specific supersymmetry equations and form of pure spinors for all
possible cases catalogued by the types of the pure spinors and the orientifold planes.

2. Nilmanifolds and solvmanifolds

Since the nilmanifolds (and, more generally, solvmanifolds) are going to be the main ge-
ometrical ingredients of our solutions, let us start by briefly reviewing these. We will in
particular try to explain why we restricted ourselves to this class of manifolds.

2.1 From algebra to geometry

Let us start with a Lie group G of dimension d viewed as a manifold (also called a group
manifold). From the Maurer-Cartan equations, G has a set of d globally defined one forms
e® that satisfy
1
de® = §f“bc e’ et (2.1)

with f%. the structure constants of the group G. Such a basis is obviously very useful:
it can reduce many differential problems to algebraic ones. One can also define a basis of
vectors E, dual to the e® (i.e. (E,,e®) = §,°). This basis obeys

[Ep, Ec] = f%c Eq - (2.2)

Conversely, if we are looking for a manifold M with a basis e® of one-forms defined
everywhere, we are providing a global section to the frame bundle, hence trivializing it.
Hence the cotangent and tangent bundle will be topologically trivial. Such manifolds are
called parallelizable. One can of course always expand de® in the basis of two-forms e A €€,
which would give us (B.1]) but with f%, not necessarily constant. If they are constant, the
manifold is homogeneous. Imposing d?e® = 0 results in

fa[bcfed]a =0 (23)

i.e. the f’s satisfy Jacobi identities, and are therefore structure constants of a real Lie
algebra G. The vectors E,, when exponentiated, give then an action of G over M. One can
see that this action is transitive (it sends any point into any other) and hence M = G/T,
where IT' is a discrete subgroup. Manifolds of this type are a small subset of all possible
parallelizable manifolds: for example, all three-manifolds are parallelizable, but only a few
are quotients of Lie groups.



So far we have simply reviewed the fact that discrete quotients of Lie groups are
manifolds particularly simple to deal with. There are many G one could consider. Actually,
Levi’s theorem tells us that any Lie algebra is a semi-direct sum of a semisimple algebra
and of a solvable one (to be defined shortly). While semisimple algebras are used in many
physical applications, in this paper we are going to focus on the solvable ones. This is
mainly because we know some of the mathematics better — in particular, the criteria for
compactness, one of which we will review in the next subsection. Solvable algebras have
previously played a role as gauge groups of four-dimensional supergravities f@]

A solvable algebra can be defined as follows. Consider the series defined recursively
by GY = G and G° = [gs—l,gs—l]. If this series becomes zero after a finite number of
steps (3k|G¥ = {0}), then the Lie algebra is said to be solvable. There is a special class
of solvable algebras that we will find particularly useful: nilpotent algebras. In this case,
the condition is that the series defined recursively as Go = G and Gs = [Gs—1,G] converges
to zero in a finite number of steps (3k|Gr, = {0}). The integer k is called the nilpotency
degree of the manifold. Since we are taking commutators of G;_1 with the whole of G
rather than with itself, this series is clearly decreasing more slowly, and hence it might not
reach zero even if the G° did. Nilpotent algebras have nicer properties, for instance they
are all generalized complex [R]], as we will see later. This was one of the main motivations
for the present work.

The most often mentioned example of a nilpotent algebra is the so-called Heisenberg
algebra. The structure constants in the form language of (R.1) are:

de! =0 ; de* =0 ; de® = Net ne? . (2.4)

We will also use the compact notation (0,0, N x 12) to refer to (R.4)). One can see already
that the third direction is fibred over the second two (Ne! A e? being the curvature of the
fibration). To see this more clearly, let us choose a gauge where

et = dat ; e? = da? ; 3 =da® + Nz'e? . (2.5)

We can compactify G by making the identifications (z!,2% 23) ~ (2',2% + a,23) ~

w

(', 22, 2% +b), with a,b integer, but cannot do the same for z!, because the one form e
would not be single-valued. For that, we need to “twist” the identification by (x!, 22, 23) ~
(#! + ¢,2%,23 — N cx?). In this way, the resulting G/T" turns out to be an S! fibration
over T? whose ¢; = N, and hence topologically distinct from 7°. Such a quotient of a
nilpotent group by a discrete subgroup is called a nilmanifold or sometimes more loosely
a “twisted torus”. The structure constants are often referred to in the literature of flux
compactifications as “metric fluxes”. Some twisted tori are T-dual to regular tori with NS
3-form fluxes, as we will see. For instance, the manifold given in this example T-dual to a
T3 with N units of H flux. A general nilmanifold is always an iteration of torus fibrations:
a torus fibration, over which another torus is fibred, and so on. In the example, only one
step was required.

Nilmanifolds are also non-Ricci—flat, and therefore suitable for compactifications in
the presence of fluxes [}-[0, (2 -[l). The Ricci tensor is given in terms of the structure



constants by

Ruq = %(fabcfdbc - fbacfbdc - fcabfbdc) (26)

where fope = gaaf%e. Notice that we do not require that the one-forms e® are vielbeine
and therefore the metric g,q is not necessarily d,4 (see section f). For nilmanifolds the last
term in (R.6) (which is the Killing metric) is zero and it is not difficult to check that the
Ricci tensor is never vanishing. Moreover, the Ricci scalar is given by R = —1/2fupe fabe
and it is always negative. On the contrary solvmanifolds have no definite sign for the
curvature and can be Ricci-flat. This difference will be very important later, in particular
in sections and [7.3.

Let us now come back to the general discussion. A key fact in the systematic search of
N =1 vacua performed in this paper is that solvable algebras of dimension up to six are
classified. This is done by using their nilradical (the largest nilpotent ideal). For example,
the nilradical of solvable algebras of dimension six (those that concern us in this paper)
can be of dimension 3,4,5 or 6 (in the latter case, the algebras being nilpotent). Those with
three-dimensional nilradical are decomposable as sums of two solvable algebras, of which
there are nine. There are 40 equivalence classes of six-dimensional solvable algebras with
four-dimensional nilradical [BJ] and 99 with five-dimensional nilradicals [BJ]. Finally, for
nilpotent Lie groups, those up to dimension 7 have been classified, and 6 is the highest
dimension where there are finitely many. There are 34 isomorphism classes of simply-
connected six-dimensional nilpotent Lie groups [B4, B§]. These are the nicest playgrounds
for generalized complex geometry and flux compactifications, as some nilmanifolds admit an
integrable complex or symplectic structure, and some do not, but they all admit generalized
complex structures [P]] — something that is necessary for admitting a supersymmetric
Minkowski vacuum, as we will see.

These classifications, however, do not take into account whether the group G can be
quotiented in such a way as to produce a compact manifold. This is the issue we turn to
next.

2.2 Compactness

Not any set of structure constants gives rise to a compact manifold. A necessary condition
(f*w = 0) BY] is commonly used in the physics literature. In this subsection we review
what is known about this problem in the mathematical literature. In particular, in the
case of nilmanifolds and more generally solvmanifolds, the problem has been solved.

A set of structure constants f%,. corresponds to a certain Lie algebra G; by exponenti-
ating it, one can always produce a (simply connected) Lie group G. In some special cases,
G might happen to be compact already: for example, if G is semisimple, this will be the
case if and only if the Killing form f€,qf%. is negative definite. If G' is noncompact (which
is far more often the case) it is still possible to produce a compact manifold by modding
it by a discrete compact subgroup I'. This manifold M = G/T" has still obviously the
property that the tangent space at every point is isomorphic to the Lie algebra G. The
dual formulation (on the cotangent bundle) of this statement is that there is a basis of
one-forms e® that obey de® = f%.e® A €.



In this paper we restrict ourselves to solvable algebras (which make up the bulk of all
algebras anyway), essentially because we know how to determine whether a solvable G can
be compactified or not. If it can, M = G/I' is a compact solvmanifold. An important
subtlety must be noted here. A compact solvmanifold is something more general. It
can also be obtained by quotienting by subgroups which are not discrete but closed in
the topological sense, so that the quotient be a manifold. One could consider e.g. a seven-
dimensional GG quotiented by a I' that, in addition to a discrete part, has a one-dimensional
continuous part, so that the quotient G/T" stays six-dimensional. An example of such a
type can already be found in two dimensions: the Klein bottle is a solvmanifold which is
a quotient of a three-dimensional solvable group, G = R x C, by a non-discrete subgroup
I'. (For details see [B7], Ex. 3.) It is clear that this phenomenon makes the number of
compact six-dimensional solvmanifolds very large, possibly infinite.! We will restrict our
attention to solvmanifolds with “discrete isotropy group”, which is a way to say that G is
already six-dimensional and I" is discrete.

Hence we will now discuss when a six-dimensional G admits a discrete subgroup I" so
that M = G/T" is compact. Such a I is called a cocompact subgroup. Let us remark that,
whereas we are going to determine whether such a I' exists, we will not try to find out
how many such I'’s there are. Already in three dimensions there would be infinitely many
nilmanifolds, namely the ones we saw in the previous subsection, see eq. (R.4). However,
the algebras are all isomorphic, via a rescaling of the generator e3. The information lost in
this rescaling is which subgroup I' is being modded out. The reason this choice does not
matter much to us is that we work for most of the paper with left-invariant forms, which
hence have constant coefficients in the basis given by the e’. Were one to work with a non-
trivial dependence, the non-constant coefficients would be well-defined for a certain choice
of T and not for another. From now on, we will loosely refer to the various (finitely many)
classes of nilpotent algebras as of classes of nilmanifolds, and similarly for solvmanifolds.

We now come back to the existence of at least one I'. As a warm-up, it is easy to
guess a necessary condition. Suppose f’; # 0. Then one can see that the top form
vol = el A... A€l is exact. Indeed, if a = €ay..a60™ €™ N\ ... N\ €% with ™ constant, one
has da = (f°a®)vol. That means of course that vol cannot be a volume form for G/T,
since a compact manifold needs to have a top-form non-trivial in cohomology.

This argument is not complete in that it leaves open the possibility that fe! A...A €5,
with f some function, might be non-trivial in cohomology. For this reason [Bd] relates the
condition f%,, = 0 to the presence of a left-invariant volume form. In general, it is not clear
that computing the cohomology using left-invariant forms gives the same as using all forms.
On group manifolds (before any quotient) this is true due to an argument based on the
Haar measure. On nilmanifolds (after the quotient by I') this is actually also true [B], but
less trivial. At any rate, it is not hard to see that for nilmanifolds f°,, = 0 is automatically
satisfied. Nevertheless, one can still prove that f°,, = 0 (which is referred to as G being
unimodular) is indeed a necessary condition.

We do not know how to estimate the number of such manifolds. The only place where we will deal
with this more general class is in the discussion of flat compact solvmanifolds (see section ), and we will
see that the number of these is surprisingly high.



One might wonder if this condition is also sufficient. This would imply that all nilpotent
groups can be compactified by quotienting. This is almost true: it turns out that for nilpo-
tent groups it is enough to require the structure constants to be rational in some basis [BY].

What about solvmanifolds? Criteria for this more general case exist as well, but they
are considerably more complicated [B7, i(]. We will now describe, with the help of some
examples, the criterion obtained by Saito [[I(], which seems to be the easiest. The price to
pay for this simplicity is that it can only be applied to a certain class of solvable groups
— those that are algebraic subgroups of Gl(n,R) for some n. This means that they have
a representation on R™ which is faithful (that is, one to one), and that once so realized as
a subgroup of Gl(n,R) they can be characterized by polynomial equations. For example,
the orthogonal group O(n) is algebraic, because it is described by equations O;;,0k; = d;;
which are quadratic in the entries O;;.

We need first a few definitions. The nilradical N(G) of a Lie algebra is its largest
nilpotent ideal. It is often used to classify solvable algebras, following [i]]. In our case it
can have dimension from three to six (in which case the algebra is nilpotent itself). Now
consider the usual adjoint representation of G over G, but restrict it to N(G). This is a
group of matrices of dimension n x n, where n = dim(N(G)), that we call P(G). This has
a natural discrete subgroup: P(G)? = P(G) N Gl(n,Z). Here Gl(n,7Z) is defined as the
group of matrices with coefficients in Z and with determinant +1. (The latter requirement
is necessary to have a group.) Now the result of [[i(] is that the problem can be reduced
to one in the adjoint representation: a cocompact I' exists if and only if the quotient
P(G)/[P(G)?] is compact.

It is time to give some examples. For simplicity, we will look here at two three-
dimensional solvable algebras which are relevant as examples of string compactifications.
The first algebra is known as Ej; and is defined by [e!,e?] = —e? and [e!,e3] = €3. A
convenient short notation is (0, —12,13). First of all, the group obtained by exponentiating
this algebra is algebraic: it can be described as the group of 3 x 3 matrices (? M ), where O
is an element of O(1,1). Hence we can apply the criterion in [I(J]. The nilradical N(G) is
spanned by e?, e3: it certainly is an ideal (it is left invariant by the action of all elements,
since commutators can only give back e? and €3); it is nilpotent (it is even abelian); and it
is maximal (nothing can be added to it without getting the whole algebra). To compute the
adjoint representation of G on N(G), let us first compute the adjoint representation of its

Lie algebra G. A general element has the form a = a1e! + aze? + aze?

[e2,a] = are?, [e?,a] = —aie3. In other words, the adjoint representation of G on N(G) is
the group of matrices of the form a; (01 701). Notice that two of the three dimensions of the
algebra have been trivially represented. To get the adjoint representation of the group G

, and its action reads

on N(G), we just have to exponentiate:

0 e ™

e 0
This rather simple group of matrices is obviously isomorphic to R. We finally have to

compute P(G)%. Requiring that a matrix of the form (R.7) has integer coefficients implies
that both e* and e™® are integer, which is only true for e¢®* = 1, the identity. This is the
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trivial group: hence P(G)/[P(G)%] = R/{e} is noncompact, and Saito’s criterion implies
that G admits no cocompact discrete subgroup. This algebra is an example in which the
necessary condition f%, = 0 is met, but which cannot be compactified anyway. In fact,
we also see (at least morally) that the unimodularity condition is built in Saito’s criterion
via the fact that the matrices P(g)? need to have determinant one.

Next we look at the algebra known as Fy, which is defined by [e!, €3] = —e2, [e!, €?] =
e3, or (0,—13,12). The nilradical N(G) is again spanned by e?, e3, for the same reasons
as in the previous example. Now we compute the adjoint representation of G on N(G). A

2 3 3

general element of the form a = aje! 4+ age? +aze? acts as [e?,a] = —aye3, [€3,a] = aje?. In

other words, the adjoint representation of G on N(G) is the group of matrices of the form

al( 01 61). The exponential of this representation now gives

G—E: PG = (C"S(“l)‘S‘in(“”> . (2.8)

sin(ay) cos(ay)

This time P(G) is isomorphic to S', which is already compact. Just for illustration P(G)%
is also non-trivial, being generated by ay = kx /2, with k an integer. The quotient by this
subgroup merely reduces the radius. So P(G)/[P(G)?] = S'/Z4 = S! is compact, and this
time G does have a cocompact discrete subgroup, although the theorem does not tell us
explicitly what it is.

These two examples are particularly easy to analyze: P((G) is a one parameter group,
and deciding whether a discrete quotient of a one-dimensional group is compact cannot be
too complicated. In higher dimensions, it is often just as easy as here; but for few algebras,
P(G) has many parameters, and determining compactness can be challenging. This is most
commonly the case for those algebras whose nilradical is not abelian, which was not the
case here.

In table [ of appendix [ we give the list of the 34 isomorphism classes of six-dimensional
nilmanifolds, taken from [T, B4, Bg]. In table fj we give thirteen six-dimensional solvman-
ifolds; eight of them can be made compact by quotienting by a discrete subgroup, and
possibly the six remaining ones too (more on this in appendix [B]). These are all the solv-
manifolds which can possibly be a quotient of an algebraic group (as explained above) and
be compact. Notice that some of the algebras are lower dimensional, and are brought to
six-dimensions by adding trivial directions. The associated manifolds are therefore prod-
ucts of a lower dimensional nil or solvmanifold with 7". This is the case for example for
the nilpotent algebras denoted 3.9 and 3.10 in table [, where the direction 4 is trivial.?
Regarding the solvable algebras, 3.2 of table [] is constructed out of the only compact (not
nilpotent) four-dimensional algebra adding two trivial directions, while 2.5, 2.6, 3.3 and 3.4
are built using five-dimensional solvable algebras. Finally, 2.4, 3.1 and 4.1 are constructed
as a direct sum of the only solvable three-dimensional algebra giving rise to a compact
manifold and respectively another copy of it, the Heisenberg algebra that we have seen

2Throughout the paper we will use double-number labels for the compact manifolds collected in tables@
and E This nomenclature is explained in appendix E Wherever it is not clear from context as to what
table we are referring a letter n or s will indicate that the corresponding algebra is nilpotent or solvable.
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earlier (the only three-dimensional nilpotent algebra), and 3 trivial generators. It is not
hard to check using (R.6) that the three-dimensional solvable algebra (23, -13, 0) is a Ricci-
flat manifold if the e® are taken to be vielbeine (i.e. for fape = f®4pe). It is still not hard to
check that not only the Ricci tensor is zero, but the full Riemann tensor is. The manifold
is therefore flat. This should not come as a surprise, since [iJ] showed that homogeneous
parallelizable Ricci-flat manifolds are flat. Therefore, the manifolds corresponding to the
algebra 2.4 and 4.1 admit a flat metric.

3. Generalized complex structures and pure spinors

Four-dimensional N = 1 supersymmetric vacua of type II theories in presence of NS and
RR fluxes involve generalized Calabi-Yau manifolds, as we will see in section [l. In this
section we review some aspects of generalized complex geometry we will need in the rest
of the paper. Much of what is contained in this section is known [[[7, [[§, [E]; we have tried
to write down some arguments implicitly present in the literature and that we need, and
in some cases we have simplified more usual arguments or proofs.

3.1 Generalized complex structures

Generalized complex geometry is the generalization of complex geometry to T@T™ , the sum
of the tangent and cotangent bundle of a manifold. A manifold M of real, even dimension
d is generalized complex if it has an integrable generalized almost complex structure. A
generalized almost complex structure is amap J: T®T™* — T HT™* that squares to —Iy; and
satisfies the hermiticity condition J'ZJ = I, with respect to the natural metric on T ®T*,

7= G’d Hg) . (3.1)

This metric is just the pairing (, ) between vectors and one-forms, and it has signature
(d,d). Tt reduces the structure group of T'® T* to O(d,d). The hermiticity condition
implies that a generalized almost complex structure should have the form

I P
(im). o

with P and L antisymmetric matrices. The condition J? = —I; imposes further con-
straints on I, P and L; for example, I? + PL = —I;. J reduces the structure group of
T & T* further, to U(%, %)

Just as for almost complex structures, it is possible to give an integrability condition
for a generalized almost complex structure. Let us recall how the definition of integrability
works for an ordinary complex structure I. Within the complexified tangent bundle T'® C
one defines the holomorphic T1? even without integrability; a (1,0) vector satisfies I, 0" =
iv™. Integrability can be formulated as the requirement that T%? be integrable under the
Lie bracket: [T10 750, ¢ T1 or, in other words,

P[P(v), P(w)] =0, (3.3)
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where P = %(]Id—if ) is the projector on 7MY One can see that both real and imaginary part
of the left hand side of (B.J) are actually proportional to Nij(v,w), the Nijenhuis tensor.
We will see later an alternative (slightly stronger) definition of integrability for I, which
is known to geometers and somehow more natural in the context of generalized complex
geometry.

Turning now to integrability for a generalized almost complex structure J, we can
again consider the “(1,0)” part of the complexified T'@® T™ in a similar way defining the
projector on Lz

= %(sz —i) (3.4)

and imposing IIA = A, where A = v + ( is a section of T"® T* . We will call this
i-eigenbundle L. It is null with respect to the metric Z in (B.1]), since for A, B € L,

(A,B) = AIB = AJ'TJB = (iA)Z(iB) = —AIB = —(A, B). (3.5)

Also it has the maximal dimension that a null space can have in signature (d, d), namely d
since IIA € L for any real A. This is often also phrased by saying that L7 is a mazimally
1sotropic subbundle of T' 6 T™.

We now need a bracket on 7' T™ to impose integrability, similarly to what we did for
almost complex structures. There is no bracket satisfying the Jacobi identity on T @ T
, but fortunately there is one that satisfies it when restricted on isotropic subbundles of
T @ T* This is the Courant bracket. A discussion of the Courant bracket as an extension
of the Lie bracket can be found in [@}, here we will introduce it in an alternative way,
as a particular case of so-called derived brackets (see for example [{4]). This alternative
definition will be more useful later when considering pure spinors. Let us start by defining
the Lie bracket [, |pi as a derived bracket

[{Lv’d}’ Lw] = vwie - (36)

Here and in the following ¢, denotes the contraction by the vector v. All the variables in
this equation are to be understood as operators acting on differential forms. The brackets
on the left hand side are meant to be commutators and anticommutators; the one on the
right hand side is the Lie bracket. We can now define the Courant bracket analogously:

[{A7 d}7 B] = [A7 B]Courant' ) (37)

where A and B are sections of 7@ T™ , and again all variables are considered as operators
on differential forms: A- = ¢, + (A, namely vectors act by contraction, and one-forms act
by wedging. From now on [, |courant = [, Jc. One can compute explicitly

[U + C7 w + ?7]0 = [Ua w] + ['vn - ﬁwC - %d(%n - LwC) . (3'8)

In this formalism the definitions of the Lie (B.f) and Courant (B.7) brackets are very similar
(indeed, Courant contains Lie as a particular case, when A = v and B = w). The main
feature of a derived bracket is that it contains a differential. For both Lie and Courant the
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differential is d, but one can generalize it to other differentials. A generalization that will
appear naturally in generalized complex geometry is the inclusion a closed three-form H,
to form the differential d — HA. The bracket will of course be modified as a consequence
(see eq. (B.21) below). It is also possible to extend the definition of derived bracket in an
obvious way, to different spaces of operators.

A generalized almost complex structure J is integrable if its ¢ eigenbundle L 7 is closed
under the Courant bracket

II[II(v + ¢),M(w +n)]c =0, (3.9)

where II is the projector on Ly CT @& T™ . In this case, J is called a generalized complex
structure, dropping the “almost”. A manifold on which such a tensor exists is called a
generalized complex manifold.

The simplest examples of generalized complex structures are provided by the embed-
ding in T'@® T™* of the standard complex and symplectic structures. Take the matrices

I 0 0o J
le(O—_ﬁ) s jJE(_J—lo) (310)

where I = I,,,™ obeys I? = —I;, i.e. it is a regular almost complex structure for the tangent
bundle, and J = J,,,, is a non degenerate two-form J,,, i.e. an almost symplectic structure
for the tangent bundle. In these two examples, the integrability of J turns into a condition
on the building blocks, I, ™ and J,,,,,. Integrability of J; forces I to be an integrable almost
complex structure on 7" and hence a complex structure. In other words the manifold is
complex. For J;, integrability imposes dJ = 0, thus making J into a symplectic form, and
the manifold a symplectic one.

We can construct explicitly J7,; and their £ eigenbundles for the very simple case of a
two-torus. If we call e! and e? the vielbein on the two-torus, we can define the fundamental
and the holomorphic forms as J = e! A e? and ©; = e! + ie?, respectively. Then

0100 0001
~10 0 0 00=10
_ — . 3.11
Jr 000 1| 0100 (3.11)
00-10 ~10 0 0

The holomorphic eigenbundles are

1 0

Ly = ‘ 0 =710 g (7%)%1

J1 ol |1 ,

0 1
1 0
0 1 m . m

L\I] = 0 bl —Z == {U + (2% mn} . (312)
1 0
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3.2 Pure spinors

On T there is a one-to-one correspondence between almost complex structures and Weyl
spinors. An analogous property holds on T' @& T* between generalized almost complex
structures and pure spinors.

The metric (B.1]) reduces the structure group of T®T* to O(d, d) and the corresponding
Clifford algebra is Cliff(d, d). The spinor bundle is isomorphic to the bundle of differential
forms A*T*. Indeed, an element of T® T* (v + (), acts on a spinor ® by the Clifford
action -

(v+¢) - ®=0v"15, P+ Gudz™ N D, (3.13)

and it is easy to check that
(v+Q) - (W+P) ==(v+( v+, (3.14)

where the inner product (,) is defined with respect to the metric @) Hence, differential
forms can be thought of as spinors for Cliff(d, d), a fact which can be at first confusing. On
forms the gamma matrices of the Cliff(d, d) algebra are vectors v (acting by contraction, ¢,)
and one-forms ¢ (acting by (A). As a basis, we can consider 1y, and dz™A. As operators

on differential forms, they satisfy
{dz™N, dz"N}y =0, {dz™A, 9, } =0"n, {ta, ,ts,} =0. (3.15)

This is exactly the Clifford algebra with metric (B.1).

One can further decompose the exterior algebra into the spaces of even and odd forms
A*T*: a positive (negative) chirality spinor is an even (odd) form. We will denote them
by ®.

The inner product between two forms A and B can be obtained from the pairing

(A,BY = (AAAB))a,  AA,) = (—1)M/24, (3.16)

where the subindices d and n denote the degree of the form. A top form is proportional
to the volume form ”vol”, which means that using the volume form one can extract a
number from the Mukai pairing (the constant of proportionality). In d = 6 this pairing is
antisymmetric; it is then convenient to define the norm of ® as

(®, D) = —i||®||*vol . (3.17)

From the action of the Clifford algebra (B.13), one defines the annihilator of a spinor as

Ly ={v+CeTaT"|(v+() - 2=0}. (3.18)

From (B.14)), it follows that the annihilator space Lg of any spinor ® is isotropic. It can

have at most dimension d, in which case it is maximally isotropic. If Lg is maximally

isotropic ® is called a pure spinor.>

3An alternative definition is much used in the world-sheet literature [{t5]: it says that all bilinears
N'Ymy...m,, M vanish for k < d/2. The equivalence among the two is proven in |
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This observation can be used to state a correspondence between pure spinors and
generalized almost complex structures on T T™ :

J —=® if Ly=Lg , (3.19)

which means, we recall, that the i-eigenbundle of J is equal to the annihilator of ®. An
alternative definition of the generalized almost complex structure J associated to @, maybe
more suitable for computations, can be given by

J+ax = (Re(®4)),TaxRe(P4)) , (3.20)

where A, ¥ are indices on T @ T* , and I'p denote collectively the gamma matrices of
Cliff(d, d). This definition is essentially the application to T'@® T™ of the usual definition of
an almost complex structure I from a (pure) spinor? in the usual Cliff(d), I,,” = n'ymy™n.

The correspondence is not exactly one to one because rescaling ® does not change its
annihilator Lg. Hence, it is more convenient to think about a correspondence between a
J and a line bundle of pure spinors. This line bundle need not have a global section, in
general; when it does, the structure group on T'®T™ is further reduced from U(d/2)xU(d/2)
(which was already accomplished by J) to SU(d/2)xSU(d/2).

What is remarkable about this correspondence is that integrability of J can be reex-
pressed in terms of ®. To see this, let us consider an integrable J. Then, if A, B € Lz,
we should have [A, B]¢ € Ly. But, by (B:19), we have [4, B]c® = 0; then by (B.7)

0=[A,Blc® = (AB — BA) - d® .

So, for example, imposing d® = 0 implies that [A, B|c € Ly = L7, and hence by definition
J is integrable. The condition d® = 0 can be relaxed: if we think of A, B as gamma
matrices, then we are imposing that d® be annihilated by two gamma matrices, so that it
be at most at level one starting from the Clifford vacuum . In other words

d® = (tp + (NP & J integrable (3.21)

for some v and ¢. This proof is from [[], except that here we used the derived bracket
definition (B.7) of Courant to streamline it. In particular, the conclusion (B.21) is now
not too surprising: d is present from the very beginning in the definition of the Courant
bracket. In this perspective, the Courant bracket is almost defined ad hoc so that integra-
bility corresponds to something very similar to closure. In this paper, ® will have a more
prominent role than 7.

A generalized Calabi-Yau (GCY) is a manifold that has a pure spinor closed under d
whose norm does not vanish.® In general, a GCY does not admit a unique closed ®. Given
a closed two-form B, one can transform & into

1 10
dp=ePND <= Jz=BIB!, eB:1+B/\+§B/\B/\+---, B= <B 1) : (3.22)

4An ordinary Cliff(d) spinor 7 is always pure for d < 6.

51 is a differential form of degree zero which also has an annihilator of dimension 6, L1 = T so it is
a pure spinor, but it has zero norm, since 1 A 1 has no top-form part, compare with () So the norm
requirement is essential, or else any manifold would be a generalized Calabi-Yau.

,16,



®p is clearly still closed. In fact, by a few simple modifications of the formalism seen so
far, we can accommodate more general Bs: non-closed ones, but even ones which are not
well-defined as two-forms, but rather as connections for a gerbe. In other words, we can
extend B in (B.29) to a B-field.

Obviously e?® is not closed if B is a B-field. But it is closed under d — HA, where H
is the curvature of B.5 In type II theories without NS-fivebranes (so that dH = 0) d — HA
is a differential (it squares to zero). We can use it to define a modified Courant bracket,

the twisted Courant , [, |u
[{A-,(d—HN)},B|=[A,Blg - . (3.23)
In components it reads
v+ Cw4nlg = [v,w] + Lyn — LyyC — %d(Lvn — 1yC) + tytwH . (3.24)

This new bracket has all the good properties to be a derived bracket. Moreover, we can
now retrace all the steps of the correspondence between generalized complex structures
and pure spinors, to get

(d—HN)® = (1, + (NP & J twisted integrable . (3.25)

In generalized complex geometry the word “twisted” is usually associated with the insertion
of the three-form H; it has nothing to do with the occurrence of that word in the expression
“twisted torus” except that, as we will see, the two get exchanged by T-duality. So a
manifold on which there exists a pure spinor ® which is closed under d — HA is called
tuisted generalized Calabi- Yau.

We can use the two-dimensional example discussed above as a toy model to construct
pure spinors and their annihilators. Let us consider first the generalized complex structure
Jr. @5 is determined (up to a factor) by having Ly, = Ly, as annihilator

(o, +itg,)®; =0, (el +ie2)Ad; =0, (3.26)

which gives
dr=c_ (' +ie?)=c_ O, (3.27)

where c_ is a complex number that gives the normalization of ®;. Similarly for Ly, one
has
(tg, +ie*N)P; =0

= d,; = 1—iel Ae?) = - 3.28
(Laz_iel/\)(IDJZO} s=er(l—ienel)=cie (3:28)

The generalized Calabi-Yau condition d® = 0 implies in these examples that either J or
Oy are closed.”

STf the B-field is defined in each open set U, of a covering by By, with gluing B, = Bs + dwags, then
H, = dB,. For a B which is actually a globally defined two-form, we can simply write H = dB.

"In two dimensions, J is trivially closed, and closure of €; implies that all 1-forms are closed, but the
situation is different in higher dimensions, and a generalized Calabi-Yau is generically not Calabi-Yau.
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Remarkably, one can actually prove [I§] that in any dimension, a pure spinor must
have the form
O =y A BT (3.29)

where € is a complex k-form and B, j are two real two-forms. Hence the most general
pure spinor is a hybrid of the two examples we just constructed on T2. k is also called type
of ®. It can be any integer from 0 to d/2, where d is the dimension of the manifold. (If
it were bigger than d/2, the norm of ® would be zero.) It can also be defined by looking
at J: it is then the dimension of the intersection of the annihilator L with the tangent
bundle T

The two extreme cases, type 0 and d/2 are the most popular ones, for a number
of reasons. They correspond to the generalizations to arbitrary dimensions of the two-
dimensional examples given above. A generic type 0 spinor, ®, = eB+%/ is the B-transform
(see eq. (B29)) of €/, and it has non-zero norm if J is non-degenerate (J A J A J # 0
everywhere). For it to be closed, we must have dJ = 0. These are precisely the conditions
for a manifold to be symplectic. In fact, this was to be expected: the generalized complex
structure associated to €'/ is J;, as we have seen in the example (B-2§). But integrability
of Jj required indeed that the manifold be symplectic, as seen in (B.1().

The correspondence (B-21]) works in a more interesting way in the case of a ® of type
d/2. Let us consider for example the case ® = €2;/5. First of all, non-zero norm requires
again non-degeneracy, namely {13/ A 4/2 # 0 everywhere. More importantly, one can see
that purity [[7] requires that the form be decomposable, namely that it can be written
in every point as wi A ... Awge, With w; one-forms. g/, then describes an Sl(d/2,C)

structure.®

and defines an almost complex structure I: 17, is the span of the w;. This
almost complex structure has by construction ¢; = 0, since the bundle K of (3,0)-forms
(which is defined even if I is not integrable) is trivialized by 4 /2. Integrability is easy to
impose for 24/5. We take for simplicity d = 6, and call {23 = Q. In this case integrability of
the complex structure ( Nij(/) = 0) is equivalent to (dQ)22 = 0. Clearly if I is integrable,
d acting on a (3,0)-form cannot give a (2,2)-form so that the condition (d€2)22 = 0 is
satisfied. The other direction of the implication is less obvious (see for example [[{7]). But
in the present context, this is implied by (B.21]): indeed the condition on ® in this case
just says that d) is a (3,1)-form. A final comment: if one imposes df) = 0, one also gets
that K = 0 — namely, that the canonical bundle is trivial holomorphically, and not only
topologically (which is already guaranteed by the existence of 2).

These two examples are the main motivation behind the introduction of generalized
complex geometry and the definition of generalized Calabi-Yau manifolds. The crucial ob-
servations are that symplectic geometry can be defined by de?’ = 0, that complex geometry
(with trivial K) can be defined by dQ2 = 0, and that both ¢/ and Q are pure spinors.

The existence of an integrable pure spinor also allows to know the local geometry of
the manifold. If the integrable pure spinor has type k, the generalized complex manifold is
locally equivalent to a product C¥x (R4=2¥.J), where J = dz?* T Ad2x? T2 4. . 4-da?~1 Adx?

8 An example of a complex three-form with non-zero norm and not pure is, in RS, dz! A da? A dz® +
idz* A dz® A dxS. This one defines an S1(3,R)xSI(3,R) structure.
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is the standard symplectic structure and k is again the type. This is a complex-symplectic
“hybrid”.

The type needs not remain constant over the manifold M. Generically it is as low as
it is allowed by parity, and will jump up in steps of two at special loci. Thus a generic even
pure spinor @ will be of type 0, and jump to type 2 at loci (and possibly even higher on
subloci, if the dimension d of M is > 8.) An odd one, ®_, will generically have type 1, and
similarly jump to 3 at loci (and, again, even higher when possible). The case of maximal
type, d, is therefore highly non generic.

3.3 Metric from pure spinor pairs

We have seen how the existence of a generalized almost complex structure reduces the
structure group of T'& T™* from O(d, d) to U(d/2,d/2). The structure group can be further
reduced to its maximal compact subgroup, U(d/2)xU(d/2) if it is possible to define two
generalized almost complex structures, J, and J, that commute and such that M = 77,7,
is a positive definite metric on T' @ T . Two such structures are said to be compatible.
The fact that two such structures give rise to a metric can be seen from the product

G = _jajb .

G squares to 1 (because 7, square to -1 and commute) and hence is a projector. It divides
T & T* in two subbundles C4. Since J, and J, commute, one can divide the complexified
T @T™ in four sub-bundles L4 4 which are the intersections of 4 eigenspaces for the 7.
The subbundles C+ are then given by Cy = L4+ ® L_; since L1+ = L_4, C4 have both
rank d, and all four Liy have rank d/2. This implies that the dimension of M be even.?
The condition on positivity of ZG is to ensure that one gets U(d/2) and not U(k,d/2 —k);
we will see shortly why this is important for us.

If two compatible J,; are also integrable, they define a generalized Kahler structure,
as defined in [[§]. This condition is equivalent to the existence of (2,2) o-models; but we
will not review that here, as the focus of this paper is on /' = 1 vacua with RR fields # 0.
Nevertheless, some of the results in generalized Kéihler geometry in [[[§] do not depend on
this integrability assumption, and thus apply to manifolds with U(d/2)xU(d/2) structure
too.

From the fact that G? = 1 and from its hermiticity (ZG = G'Z) one can see that the
most general form of G is

—1 —1 -1
_ _ -9 B g (10 0g 10
G==Jady = <g—Bg—1BBg—1>_<B 1) <g 0 )(—Bl)
_ -10Y\ . _ 1 1
_5<0 1)5 ’ g_<g+B—g+B.> (3:30)

9Moreover two compatible generalized almost complex structures must have opposite parity for d =

4n + 2, while for d = 4n, they have the same parity.
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So a U(d/2)xU(d/2) structure provides automatically a metric g and B-field B. Notice
that B appears indeed as in a B-transform, eq. (8.29).!° From the positivity condition on
ZG, we know that the metric g on T is positive. Another remark on G is that the metric
M = IG appeared in T-duality (see for example [i]) as a combination that transforms by
conjugation under S1(2,R).

Going back to the examples (B.1])) it is easy to prove that the two complex structures
are compatible and define a metric G

0010
0001

G—_ _ , 3.31

Irds 1000 (3.31)

0100

This gives g to be just the 2 x 2 identity matrix, and B = 0. Note that if we change the
sign of one of the generalized complex structures, the pair would still commute and L4 4+
would have dimension 1, but the metric g would not be positive definite.

Coming back to the general compatible pair, both J, and 7, are now acting on the
bundles C'y defined by the projector G. Hence they will define almost complex structures
I on Cy and Iy on C_ (the choice of subscripts 1, 2 is for later convenience). It follows

that
I 1
= N . 2
Tub €<0i12>5 (3.32)

hence J, are determined by g, B and two almost complex structures I ».

3.4 Compatible pairs from spinor tensor products

Pure Cliff(d, d) spinors (which are sums of forms of different degrees, as we have seen)
can be obtained from tensor products of Cliff(d) spinors. The idea is that bispinors are
isomorphic to differential forms, via the familiar Clifford (“/”) map:

— 1 (k) i i (k) ZZ 4
C=) G da Ao nda® — = EE:kﬂCEI P A (3.33)
k

Under this isomorphism, the Cliff(d, d) action on forms (B.1J) translates into the action
of two copies of Cliff(d), one from the left and the other from the right of the bispinor. A
~™ matrix acts on the left and on the right of the ™1 ag

,}/771,7/7711...771]C _ ,}/mml...m;C + kgm[ml’me"'mk]

,le...mk,ym _ (_1)k <,ymm1m;C o kgm[ml,ymgmk}) ) (334)

For v™ = +¢™"¢,, (with a plus or minus sign for the left and the right action, respectively)
this is precisely the Cliff(d, d) action - on forms.!? In other words, the gamma matrix action

10Tt is easy to see that the transformation exp (i;’t f) on T'@® T* is induced by conjugation by exp[(B A
+2wm"[dz™A, s, ] + ts]. Hence the matrix (]13 %) is induced by exp[BA].
"The factor k in () comes from the definition of the contraction, namely to,,dz™* A ... Adax™F =
[m1 7 mg my)
kém tdx™2 A .. N\ dx™R
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on bispinors is mapped to the following action on forms C} of degree k:

Y@= [(dz™ 0,)Ck, @A™ = (=) [(dz™ 0,)Ck] - (3.35)

The use of the / can clutter formulas considerably, and is best avoided when it does not
give rise to confusion. In the main text, most of the time we will not distinguish, with
an abuse of notation, a form by the corresponding bispinor. More precision is needed in
appendix [A], and there the / is restored.

Consider now a bispinor (say, an even one) which is a tensor product of two spinors:

2
Oy =n} @

in components, ® .3 = ni_ ani*ﬁ. (This is of course not always the case — bispinors
live in the tensor of two spinor bundles, which means that they can be written as C' =
> u Cagn( @1, with n® a basis of Cliff(d) spinors; in the case we are considering, there
is only one summand in this sum.) Suppose now the spinors n_lf are also pure as ordinary
Cliff(d) spinors. We have so far talked about purity for Cliff(d, d) spinors only, but in fact
the same definition can be applied to spinors in any signature and dimension: once again
a Cliff(d) spinor 7 is called pure if there are d/2 linear combinations of gamma matrices
that annihilate it. In other words, a pure spinor is one that can be taken as Clifford
vacuum; the d/2 annihilators are then by definition the holomorphic gamma matrices
%(1 — i)™,y = 0 (or, in case [ is integrable, v'n, = 0). So every pure Cliff(d) spinor
defines an almost complex structure I. If n¢ are both pure, ni ® niT is annihilated by d/2
gamma matrices acting from the left and by d/2 acting from the right. Thanks to (8.37),
we can translate these d/2 + d/2 annihilators into d annihilators in Cliff(d, d). This means
®, is pure.
For d < 6, Cliff(d) spinors are always pure.'? From now on we will restrict to the case
d = 6, which is the case of relevance to four-dimensional compactifications anyway. The
Jap defined in the previous subsection will now be referred to as J+, since in six dimensions
one of them has even type and one of them odd type.
Once one has the pure spinor ¢, it is useful to expand it in the basis of bispinors
mi..m

y k. The coefficients of this expansion are simply %Tr(@yymk“'ml) = 772 T'ymk"'mlni.

Hence we have

6
1 1
77+ & Nt 2= = § kj' (nj:t)/mk m1n+> 'lemmk (336)
k 0

2The space of pure spinors is the complex cone over the space of almost complex structures compatible
d/2), for d = 2,4, 6 this has dimension
0,2, 6 respectively, and summing two real dimensions because of the complex rescaling, the total matches

with a certain metric (also known as space of twistors), which is U(

the dimension of the space of all spinors, 2,4, 8.

In eight dimensions and on, this coincidence stops, and spinors which are not pure exist. For example, a
spinor that defines a Spin(7) structure is not pure: such a structure can be reformulated by starting from a
four-form, and there is no natural almost complex structure associated to it. More explicitly, in flat space,
the Weyl spinor | 1117 ) + | [/l ) is not pure: it is not annihilated by four gamma matrices. On the
contrary, the analogous spinor in four-dimensions is pure: | 11 ) 4| || ) is annihilated by 7' — fyi and

72 7,}/1.
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which is known as Fierz identity. At this point, one can apply the Clifford map (B.33) back
and obtain an expression for ® as a differential form. One can also relate the trace over
the bispinors with the pairing (B.14), by using!3

(A, Bo &) = () Ty 85 g) vol (3.37)

So far we have talked about one pure spinor only. It is also easy to obtain a compatible

pair. Consider
2 2
¢, = 77_1F ® ?7+T ) o_ = ni ® n_T . (3.38)

In our conventions, — = 1’} . Let us write down the corresponding annihilators, based on
what we have just learned about a single pure spinor. They are given in terms of the two

copies of Cliff(6) acting on the left and on the right, (8.35),
§+il)m k@il =0 Lo (@ Fil)n" =0 3.39
O+ il)m " mny @nz' =0, 0y @' Y0 Fila)m" =0, (3.39)

where I and I are the almost complex structures defined by n' and n?. (We are going to
see that they are also the same as the I; 2 in (B.39).) The three annihilators acting on the

left are the annihilators of 77}%, the other three on the right annihilate n%T.

Hence @, and ®_ share three annihilators: the three gamma matrices (6 +il1),," 7_;1
Call Ly, this subbundle of (T @ T*) ® C. Similarly, ®, and ®_ = 5! ® niT are both

annihilated by the three gamma matrices (§ — ils),,"™ 4. Call this bundle L;_. In this
way we construct four bundles L1 of dimension 3 each. Now define 7 to beion L4 and
—ion L_4;and J_ tobeion Ly, and —i on Ly_. These two commute by definition; the
bundles L4 are just the ones we encountered in the previous subsection, while describing
U(3)xU(3) structures. We conclude that (B.3§) is a compatible pure spinor pair: the Jy
defined by ® are compatible. In this situation, the structure group on T'@® T is actually
reduced a bit further, to SU(3)xSU(3).

In fact, the most general pure spinor pair is a B-transform of a pair as in (B.3§). To
see this, remember that two compatible J4 are determined as in (B.39). Note also that &

in (B.30) can be decomposed as
5:(10><1 1). (3.40)
B1 g —g

Consider first the case B = 0. Let us compute for example L. One can interpret £ as a
change of basis. Then, an i eigenvector of both (OIIHOQ) would be given by (§+il;)",v". The
change of basis £ (with B = 0) makes this (§ +il1)",(dz" + ¢"P9p). Remembering (B.37),
this coincides with (B.39). (Morally, the change of basis £ reproduces the Clifford products
in (B.34).) Hence we have that for B = 0 the pair can be written as in (B.3§). Finally,

when B # 0, the action of (é (i) can be reproduced by e” on the pure spinors in (B.39).

3We have inherited from [@] the somehow awkward sign convention x*e®* A ... A e =

—(d_lk),EakH‘.‘ad‘”"'“’“e“’““"‘“d, where e is the vielbein.
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Besides being the most general pure spinor pair up to B-transform, (B.3§) has the
property that the two norms are the same. Indeed,

- - i {
(@, @) = (D4, 04) = —gTr@fI‘l)Vol = _§||77}r||2||77:2t||2‘701 ; (3.41)

where we have used that ¢T = M€&) for any complex form C, and (A.F), (B.37).

We now give some examples, again in the T? setting. We will first look at how (B-3§)
works. Let us denote the two spinors by | T ) = ((1)) and | | ) = ((1)), in the usual spin-
up spin-down picture. The gamma matrices in two dimensions can be taken to be Pauli
matrices: y1? = o2, Then, in a complex basis, a creator v* = y! +iy? = (8 é) and an
annihilator 7% = y! —iy? = ((1) 8). Then v** = [y*,v*] = (é _?). Let us take, in (B.3§),
nt =n2 =|1),and nt =n% =] ). We now can compute the pure spinors by taking a
trivial tensor product,

00

!Tﬂl!=<gé)=73=%-

Obviously one can choose ' = 72 in six dimensions too. In that case, the structure

WHH!=<“?=%@+¢3=%O+®Wﬁ)

and

group on 7" is SU(3). More generally, that is the case if the two spinors are parallel, namely

ny=any,  ni=bny (3.42)

where a and b are complex numbers; the redundancy is for later convenience. 74 are
normalized n.ns = 1. Inserting (B-43) in (B:33), we get the pure spinors

jab b _,
SU@B): D= —%Qg, O, = %e—”. (3.43)
These are the six-dimensional analogues of (B.27), ([B-29), for ¢ = —%, cy = %B. Since

Q) is pure, as we saw, it defines an almost complex structure I (the (0,1) vectors V(0,1)
being by definition the ones that satisfy ¢y, 2 = 0). One can also see that compatibility
[J1,Js] = 0 of the corresponding generalized almost complex structures (B.1() imposes
that

9mn = ImpJpn (3.44)

be symmetric; this is then, by definition, the metric given by the two pure spinors. This
implies then that J be of type (1,1) with respect to I. We recover the familiar statement
that an SU(3) structure on 7' gives rise to a compatible pair of a purely complex and a
purely symplectic (generalized almost complex) structures satisfying

- 4
JAQ3=0, ng/\QngJ3 (3.45)
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where the last condition comes from the fact that the pure spinors have the same
norm, (B.41): (®,,®,) = (d_,d_).

If, on the contrary, n? is orthogonal to 1!, they define a so-called static SU(2) structure
on T'. This consists of a complex vector field without zeros

Nyt = (v + i)™ = Qp, (3.46)

a real 2-form j, and a holomorphic two-form 5. Equivalently, an SU(2) structure on T
is defined by the intersection of two SU(3) structures. We can locally decompose the two
SU(3) structures as

JY2 =i+ ond, Q§’2 =M A (vEid). (3.47)

One can also rewrite
ni = b(v + i)y 77iL =ant, (3.48)
Inserting (B.49) in (B.39), we get

. jab -
static SU(2) : o = Qe "7, o, = —%9267“’” , (3.49)

8
where we have rescaled again the two spinors by two functions a and b, with a redundancy
for later convenience. The pure spinors have precisely the form (B.29), for B = 0. The type
is k=1 for ®_ and k = 2 for ;. Hence a static SU(2) structure on 7" gives rise to a pair
of compatible hybrid type 1 and type 2 generalized almost complex structures on 7' T™ .

Note that in this paper we are dealing with parallelizable manifolds, which have trivial
structure group (on 7" as well as on T'@® T* ). It may then be confusing to talk about
SU(3) or SU(2) structures. The point is that we are interested in the N' = 1 vacua and
therefore use only two of the four globally defined Weyl spinors that exist on a parallelizable
manifold. So by SU(3) structure solutions we denote those constructed out of ® of type
0 — type 3, and similarly models will be called of SU(2) structure if the the corresponding
pure spinors are of type 1 — type 2.

Generically the spinors 7' and 1? will neither be parallel nor orthogonal everywhere;
the formulae for the pure spinors in that case are more complicated [B(]. In particular,
they can become parallel at some points, in which case they do not define globally an
SU(2) structure. All these cases, however, always define a global SU(3) x SU(3) structure

7

on T @ T* . In this more general case (also called “dynamic SU(2)” sometimes) we have
a pair of compatible type 0-type 1 generalized almost complex structures whose types can

jump to type 2-type 1 or type O-type 3 at special points. These are given by [@]

b g b .o,
SU(3) X SU(3) O = —%(U +iv')(/€le—” —i—i/{?”Qg), ¢, = a—e_wv (k”e_lj — ikJ_QQ)

8
(3.50)
where we are taking n} = any, 03 = b (kyny + ko (v +iv')my™n-), with [k | + |k |* = 1.
As we shall see in the next section (see eqs. (f.14) and (f.15)) , these more general forms of
pure spinors are not consistent with any orientifold involution on our class of geometries,
and thus we make no further comments on this case.

We are ready now to review the construction of the string vacua.
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4. Constructing N' =1 vacua

In this paper we are look for four-dimensional N' = 1 Minkowski vacua. They correspond
to ten-dimensional backgrounds given by a warped product of four-dimensional Minkowski
space and an internal six-dimensional compact space

ds* = e, datdz” + dsd . (4.1)

Our strategy for constructing such vacua is to examine the ten-dimensional super-
symmetry conditions and the equations of motion and Bianchi identities for the fluxes.
For metrics of the type ([L1]) , this is equivalent to solving the full set of ten-dimensional
equations of motion [5J]. We will first consider the differential-geometric conditions on the
internal space and then pass to global conditions set by the compactness and the orientifold
involutions.

4.1 Local and global conditions

The necessary and sufficient conditions for N/ = 1 supersymmetry when RR fields are
switched on were found in [2(]. The internal manifold must have SU(3) x SU(3) structure
on T'®T* and the pair of pure spinors ®; o defining the structure must satisfy!

(d— HN)(e247%®,) = 0, (4.2)
(d— HA) (24 70®y) = A PdAN Dy + %e?’A % M(F) (4.3)
and have norms ||®1 5> = %. The F that appears in these equations is a purely internal

form, that is related to the total ten-dimensional RR field strength by

(10) FQ + F2 =+ F4 + F6 (IIA)
FUYY = F +voly A (xF), F = (4.4)
Fi+F+F (B

where A is defined in (B.14), and * the six-dimensional Hodge dual. We are using the
democratic formulation [i]], in which F (19) js gelf-dual in ten-dimensions, but where F
need not be so in six. Notice that we have implicitly chosen the purely internal field
strengths to be electric, and the ones with spacetime indices to be magnetic; this is a
convention we will stick to, in particular below when talking about equations of motion for
the fluxes versus Bianchi identities. Of course there is nothing special in this choice. For
type IIA the pure spinors are

Oy =Py, Dy=0_, (4.5)

and for type I1B
O1=d_, Py=0, . (4.6)

4n appendix @ we explain in detail the intermediate steps in the calculations that lead to (@)7 (@)
We have also changed notation in ITA relative to [E] so that the two equations have the same expression
in both theories, see (@)
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The pair of compatible even/odd pure spinors ®. can in general be written as (B.50)), but,
as will become clear later on, in this paper we will only need the particular cases (B.49)
and (B.49).

Equation ([.J) says that the pure spinor that has the same parity as the RR fluxes,
@1, must be closed and thus any manifold suitable for ' = 1 vacua should be a twisted
generalized Calabi-Yau. This is only a necessary condition for having supersymmetric
vacua. For example, all six-dimensional nilmanifolds are generalized Calabi-Yau 1] but
we will see that very few of them can be promoted to supergravity vacua.

The second equation relates the non-integrability of the second generalized complex
structure to the RR fluxes. Splitting it into real and imaginary part we get

(d— HA)(eA"?Redy) = 0, (4.7)
(d = HA) (A9 Tms) — ée‘m “M\(F) . (4.8)

From these we see that actually only the imaginary part of ®, is not closed. Interestingly,
it has been shown in [fJ, f4] that the equations (.9), (.7) and (f£.§) can be rederived from
demanding a generalized calibration condition for D-branes, i. e. the existence and stability
of supersymmetric D-branes on backgrounds with fluxes. It was also noticed in [F that
these equations can be interpreted as conditions for a constrained critical point of the
Hitchin functional for the pure spinor ®,.

The “limiting case” in which F' = 0 is strictly speaking not covered by these equations.
In that case, the supersymmetry jumps to (at least) A/ = 2. This is because the RR fields
are the only term in the supersymmetry transformations mixing €1 and eo; if one sets the
RR to zero, then, one may as well take different ¢ in €; and the one in ez (see (A.2)).
(See also [5(]).) Another way to see this enhancement of supersymmetry is to remark that
there are then two closed compatible pure spinors; this implies (as we saw in section 3)
that there are two generalized complex structures J,;, which commute and are integrable.
This case was called generalized Kdhler in [[I§] and proven to define a (2,2) world-sheet
model. This implies N/ = 2 spacetime supersymmetry only if there exists a spectral flow
for left— and right-movers, but one can see that this condition is the vanishing of the right
hand side of (d — HA)® 4 in (B.29).

In order to have a valid solution, we should additionally impose Bianchi identities and

the equations of motion for the fluxes'®
(d — HAN)F = 6(source) , (d+HAN)(e*«F)=0, (4.9)
dH =0, d(e*=2 « H) = 7e* F, AxF, 1o, (4.10)

where we have used the warped metric (fl.1]), §(source) is the charge density of the cor-
responding space-filling source (D-branes and O-planes) and the upper (lower) sign corre-
sponds to ITA (IIB). The electric sources are not present, because they would be points in
spacetime, and hence break the assumption of four-dimensional Poincaré symmetry. More
details on this are given in appendix [A.

5 he equation of motion for H comes from a reduction of the Chern-Simons coupling B A F, A A(Fs—r)
(which can be written in spite RR flux being self-dual).
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Note that the equation of motion for F is automatically satisfied. Indeed eq. ([.§)
implies

M(d — HA) (347 0Im®,)] = F(d + HA) [ A(Im®,)] = ;%&A « F (4.11)

where the upper (lower) signs correspond to ITA (IIB) and come from commuting A with
x and (d — HA). From ([.11)) it follows that the equation of motion for F' is automatic:
e*4 % F is d + HA exact, and hence also d + H closed.

There is a no-go theorem that rules out vacua in which the four-dimensional space
is Minkowski and the internal compact manifold has non-zero background fluxes and no
sources. This is normally obtained from the four-dimensional components of Einstein
equation [p6, p7]: the RR and NS fluxes that preserve Poincaré invariance contribute a
positive tension term to the energy momentum tensor. However it also follows from the
Bianchi identities (.9), as shown in [4] for the specific situation of flux H on internal
manifolds with G-structure, and as we are going to see shortly in full generality. The
Bianchi identities are more restrictive than four-dimensional Einstein equation, since the
latter is just a scalar equation, while the former are a form equation and give constraints for
every allowed cycle on which we can wrap supersymmetric sources. The scalar component
of the Bianchi identity is equivalent to the trace of the four-dimensional Einstein equation.

From equation ([L.§) it follows that the scalar part of the Bianchi identity has a definite
sign. To isolate it from ([.§) we can compute the paring with e34~¢Im®,. This form
calibrates the cycle wrapped by a spacetime-filling brane or an orientifold, as derived in
the context of generalized complex geometry in [F3]. Using the adjunction property

/(A, (d—HN)B) = /((d — HN)A, B) (4.12)
for the differential d — H, one derives
/ ((d— HA)F, 4~ ?Im®,) = / (F, (d— HN)e*A?Im®,) = % / M UF, «\(F)) (4.13)

which has always negative sign (see footnote [[J). One can think of the left hand side as
of an effective overall charge, since it is equal to [ e34=9 (source, Im®,). Hence, to have
a compactification consistent with Gauss’ law, there has to be some source of negative
charge; the only one available is an orientifold. This is true no matter how much torsion
(or, as it is often said, “metric fluxes”) the manifold has.

We insist on the fact that it is the total effective charge that has definite sign. If there
is more than one contribution there is no general statement one can make for the sign of
each contribution. As we will see, there are examples where all individual contributions
have the same sign (and therefore are all sourced by orientifold plane charges) and examples
where the individual contributions have opposite signs. In any case, once again, eq. (4.13)
says that at least one orientifold projection is always necessary.
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03/07 05/09 06 04/08

o(P1) = —AMP4) | (D) =AM@4) | 0(Pr) = MP4) | 0(P1) = —A(D4)
(@)= A®_) | o(®) = -A\@_) | o(@_) = A@_) | o(@_) = —A(@_)

Table 1: Action of the involution ¢ on the pure spinors.

4.2 Orientifolds

The no-go theorem we showed in the previous section implies that in order to have compact-
ifications to Minkowski the contribution of the internal background fluxes to the energy-
momentum tensor must be cancelled by local sources of negative tension.

The theorem does not assume anything about the differential properties of the internal
manifold, and therefore applies also to generalized Calabi-Yau. Then any compactification
in the presence of RR and/or NS fluxes needs sources of negative tension, like orientifold
planes.

A (single) orientifold projection consists of modding out the theory by Qws(—)f o
(for O3/07 and O6) or Qwso (for O5/09 and 04/08) where Qs is the reflection in the
worldsheet, Fp, is fermion number for the left-movers and ¢ a space-time involution. On
Calabi-Yau manifolds ¢ is an involutive symmetry of the manifold. For Type ITA this
symmetry must be antiholomorphic, (61 = —1I), while in IIB it is holomorphic (oI = I).

For SU(3) structure manifolds, which still admit a nowhere vanishing fundamental
form, the isometric involution ¢ can then be found by imposing the same requirements as
for the Calabi Yau [F§'¢ (see also [g]). This leads to the action on the pure spinors

IIA: o3 =703 oce W =¢ |
1IB: o3 =FQ3 e = |
The + correspond to different O-planes (O3 vs O5, for example).

In the general SU(3) x SU(3) case there is not necessarily an almost complex structure,
and the action of the involution is determined by asking that it must reduce to the given
action in the particular case of a pure SU(3) structure. The involution should therefore
act on the pure SU(3) x SU(3) spinors (B.5() in the form showed in table .9 [F§

In the next sections we will look at orientifolds of nilmanifolds and solvmanifolds. In
these cases all orientifold planes can be allowed except for O3’s, which only appear in the

untwisted case.l”

Notice also that a generic SU(3) x SU(3) spinor (B.50) with both ky #0,k1 # 0 is not
consistent with any orientifold involution. To see this, take for example an O5, where o
acts on the SU(3) x SU(3) spinors by

o ((1) + Z‘U,)(/{?J_G_ij + Zk”QQ)) = —(1) + iU,)(kJ_eij — Z/{?”Qg) s (4.14)
o <€7ivvl(7€”€7ij — i];?J_QQ)) = efivvl(k”eiij — ikJ_QQ) . (4.15)

1%Tn the context of RR flux compactifications, one does not have control over the usual world-sheet
definition of orientifolds.

"An O3 would correspond to an involution o(e®) = —e® for all @ = 1,...,6, which is incompatible
with (Ell) unless all structure constants are zero.
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ITA

06 04/08
type 0 o(ieB~4) = je=B+i
type 1 | o(ieP ™) = —ihie P79 | o(~ie” V) = —ifhe” PV
type 2 | 0(QoeB79) = —Qpe B+ o (QueBil) = Qe BHii
type 3 o(Q3eP) = —Qze B
1IB
03/07 05/09
type 0 o(ieP~V) = je= B o(eP-U) = ¢ B
type 1 | o(iQ1eB~4) = iQe~BHid | g(QqeB~4) = —Q e~ Btii
type 2 | 0(Q2eB77) = —Qpe B4 | o(iQeP ) = iQpe= B
type 3 o(QzeP) = —Qze= B o(iQzeP) = iQze B

Table 2: Pure spinors for each orientifold projection. The pure spinors in the supersymmetry
equations ([.9), ({:J) are the ones on the left hand side (after multiplication by e?/8); the table
also gives the action of ¢ on them.

Eq. (E14) implies o(k1j) = —kij, o(kjQ2) = —kQ2, while eq. ([L1H) enforces o (kyj) =
kjj and o(k1Q2) = —k1Qo. These two are inconsistent unless k; =0 (o(j) = j,0(Q2) =
—Qy and k| real) or k = 0 (0(j) = —j,0(Q2) = = and k| real), which correspond to
the pure SU(3) or static SU(2) conditions, respectively.

The 04/08 projections are even more restrictive, since they are only possible in SU(2)
structure.

The orientifold projections fix the relation between a and b, and thus the norm of the
pure spinors. More precisely, a = b for 05/09, a = ib for 03/07, and a = ib for O6,
04 and 08.'® Note that all orientifold projections and N' = 1 supersymmetry require
jal = [b] = /2.

In the table below we explicitly give the pure spinors for each orientifold projection
and their transformation properties under the involution.

5. Twisted tori and new N =1 Minkowski vacua

In this section we analyse in detail the possibilty of constructing N' = 1 flux vacua com-
pactifying on nilmanifolds or compact solvmanifolds. As already mentioned in the previous
sections, one of the motivations for considering nilmanifolds is that they are all generalised
Calabi-Yau [RI]. More precisely six-dimensional nilmanifolds are not necessarily complex
or symplectic, but they all admit at least one closed pure spinor of a certain type. Notice

18 The supersymmetry preserved by orientifolds in type ITA is generically a = be*®. The phase 6 determines
the location of the orientifold planes. In the O6 case, Im(e*?Q3) = 0 at the orientifold. Moreover we can
absorb the phase of b by redefining Q3. Here, we take § = w/2 and b real. The O4 orientifold is located at
Re(e";1) = 0, while the O8 is located at Re(e*?Q15?) = 0. The phase of b can be absorbed in Q2. We take
0 = 7/2 and b pure imaginary. Something similar happens with the relation between a and b for O5 and
O7 in a static SU(2) structure and the phase of Q2. The relation a = b for O5, for example, corresponds to
fixing (Q2)61 .2 being real. A relative phase between a and b would rotate Q.
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also that nilmanifolds are all non Ricci-flat. For solvmanifolds it is not possible to make
such a general statement, but generically they are non Ricci-flat. Thus in the absence of
fluxes they are not good string backgrounds since they do not solve the 10-dimensional su-
pergravity equations of motion. It is then natural to ask whether it is possible to promote
some of them to a string vacuum by turning on fluxes.

5.1 General ideas

We outline here the general strategy and results, while in the next subsections we present
the solutions. In appendix [ we give the detailed form of the supersymmetry equations
for the various types of pure spinors and orientifolds.

For every manifold, the allowed orientifold planes are those compatible with the struc-
ture constants of the manifold. Under the orientifold action o, the globally defined
one-forms e® divide into two sets, e, e! , according to their transformation properties
o(e}) = e%, o(e’.) = —e’_. In this notation the structure constants can only be of the type
fjr' + fr, f7_ in order to satisfy (B.J). The list of orientifolds allowed for every algebra is
given in tables [] and fj.

Then we have to find a pair of compatible pure spinors, (¢4, ®_) that are compatible
with the orientifold projection and solve eqs. (f.2), (.3). Notice that twisted tori have
trivial structure group, so that there are 4 globally defined nowhere vanishing spinors (in
six dimensions), or equivalently six globally defined nowhere vanishing vectors. We can
therefore form many different pairs ®,, ®_, such that the structure group of T®7T™ is also
trivial. However if we are interested in N’ = 1 vacua, all we need is to specify two internal
spinors (which can coincide), or in other words the SU(3) x SU(3) structure of 7' & T
. This is also reflected at the level of four-dimensional effective theories. The reduction
of type II supergravity on these manifolds should yield four-dimensional N’ = 8 gauged
effective actions, whose vacua preserve different number of supersymmetries from N = 8
(no twisting) to N = 1 according to the background fluxes or sources one introduces. The
amount of supersymmetry preserved by the vacuum determines also the number of relevant
pure spinor pairs one has to consider.

Once the supersymmetry variations are satisfied, we still have to solve the Bianchi iden-
tities for the fluxes (the equations of motion for the fluxes are implied by supersymmetry
as shown in section [f).

A delicate issue in finding a compact solution is the role of the warp factor. In that
respect we find it more practical to proceed in two steps. We first look for solutions in the
limit of constant warp factor. In this limit the Bianchi identity is not satisfied as a local
equation. The topological content of the BI is simply that the sources are exact in (d—HA)-
cohomology. This could be answered by just looking at the hypothetical sources (orientifold
planes allowed by the manifold, plus possibly some branes) and at the complex defined by
the structure constants and HA, obviously; but it would have nothing to say on the pure
spinors (and hence, metric and B-field) that we actually have. We decided to impose a
stronger condition: in the large volume limit, we will pretend that the branes — and, more
controversially, orientifold — charges get smeared, so that the sources are invariant forms
in the internal manifolds. Now they have a chance of being equal to (d — HA)F, and this
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is what we will check. More precisely, we demand
(d— HN)E,_3 = ¢ = Q;(source) vol* (5.1)

where ¢; are constants, i’ invariant forms, @; is the charge of the source (D-branes have
Q > 0, O-planes @ < 0) and vol is the volume form along 1* whose sign is by convention
such that (vol’, Im(®3)) > 0; see (E.13). We want vol’ to be dual to cycles, so each of them
should be closed. Moreover, vol® have to be decomposable (that is, wedges of one-forms) in
order to be dual to planes. In other words, in the large volume limit, we replace the delta
function of the sources by a constant contribution. Note that in the large volume limit the
(constant) warp factors on the left and right hand side of (l.§) cancel (@2 is proportional
to eA), while there is an overall factor of e~?. In the constant warp factor, constant dilaton
solution we take e? = g.

The procedure will become clearer in examples. Its validity is by no means proven
in this paper, but it is implicitly followed in much of the literature on the subject. If the
“global” solution exists, the second non-trivial step is to promote it to a “localized” one.
If the sources we had to introduce are all parallel and along the directions e, it is enough
to rescale!'”

ef = eAé‘j‘r el =e e | (5.2)
This indeed works for the cases where there is a single contribution to (f.1]).
In the case of multiple intersecting sources, we can use a similar trick, by introducing

+A

one function A; for each source in (f.]) such that each vielbein rescales by an e according

to whether it is parallel or perpendicular to the source, namely

e = eXi(Z)TM AL gm (5.3)

where sign;(m) is +1 if the source is along €™, and —1 if it is orthogonal.?’ The total
(four-dimensional) warp factor in this case is given by e22Ai This trick works well for
partially smeared intersecting branes in flat space, i.e. when the functions A; depend only
on the coordinates orthogonal to all sources. We call this type of solutions partially local.

The natural question that arises proceeding this way is whether any “global” (un-
warped) solution can be promoted to a local (or partially local) solution by rescaling. It
turns out that not all global solutions can be lifted to warped ones by the simple rescalings
defined above. This does not mean, of course, that there are no localized solutions corre-
sponding to the global ones we are finding; only that one obvious strategy does not work.
We will discuss it in more detail in section p.3.

The results of our systematic search are summarized in table . We explored all possible
orientifolds of nilmanifolds and compact solvmanifold (see tables [| and [ in appendix [B)),
namely O5 and O7 in IIB, and 06, O4 and O8 in ITA.?! In all cases we considered the two

9We could have started with a general rescaling e = eP4€%, e’ = e9¢". It is not hard to show that

eqs. (@)7 (@) impose p = —¢ = 1 for all orientifolds.

20We could have started again with more general rescalings, but eqgs. (@)7 (@) impose (@)

2'More precisely, we looked at all involutions that act by a sign on the basis in which the classification
was given. All other involutions we have found can be related to these via changes of coordinates; we do
not exclude the possibility of having missed other possibilities

,31,



possible pairs of pure spinors allowed by the orientifolding, typeO-type3 and typel-type2,
corresponding to SU(3) and static SU(2) structures. We found that very few manifolds
admit solutions, even global ones. Table [ contains the list of all the solutions for both
nilmanifolds (labelled by n) and solvmanifolds (labelled by s). As already mentioned there
are two types of solutions: those that can be made local by introducing a warp factor and
those for which we could not. We call the latter global (or smeared) and denote them by
an asterisk in table j.

For nilmanifolds there is only one global solution, 3.14 in IIB. It requires two intersect-
ing O5-planes, but cannot be made partially local by the rescalings (5.3). It corresponds to
Model 1 in section .2 All other solutions for the nilmanifolds can be made local. These
are actually related by T-duality to warped T solutions with self-dual three-form flux,
O3-planes and D3-branes (usually referred to as “type B”) as discussed in [22, ff]. For all
the T-dual models dF3 is along the Poincaré dual of the orientifold and thus requires only
one orientifold projection. We will describe some examples in section [.4

Among the solvmanifolds in table f], five have a truly six-dimensional algebra while the
others are defined by direct sums of lower dimensional solvable algebras with either trivial
directions or other lower dimensional solvable/nilpotent algebras. There is no solution
for any of the six-dimensional algebras, neither global or local. There are instead global
solutions for one of the direct sums, namely the algebra 2.5. The corresponding models
(2, 3 and 4) all require two sources of opposite charge to cancel the effective charge of the
fluxes. The same as in Model 1, the sources wrap intersecting cycles and this makes the
introduction of the warping hard.

Before moving to the explicit examples, we would like to make some comments about
the supersymmetry of the models built out of the algebra s 2.5. The associated manifold
admits a flat metric. Flatness implies trivial holonomy and therefore the existence of a
basis of covariantly constant spinors. So far this is just like on 7°. However, unlike on
T6, some of these spinors will be covariantly constant but not explicitly constant. The
associated pure spinors would then be non-constant. In most of this paper (except when
we try to promote global solutions to local ones) we consider forms which are left-invariant,
and hence with constant coefficients in the left-invariant basis e®. For this reason, we will
not see all the possible pure spinors on that manifold. Due to the fact that s 2.5 is flat,
there are also models that do not have fluxes, of the type discussed already in [B] (for some
realizations in seven dimensions see [[[]]), and in which therefore the orientifold projections
are strictly speaking not needed and their charge can be cancelled locally by D7-branes.
Hence the amount of supersymmetry we see in these fluxless models is artificially restricted

by the non-left—invariance of some of the spinors. The fluxless models are not in the table
3 and are discussed in [.2.9.

5.2 Global non T-dual solutions

In this section we present the global new solutions that are not related by T-duality to
type B solutions on T%. Even if we were not able to find their local versions (it requires
intersecting orientifolds and/or branes), it is worth considering such solutions because, to
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ITA

algebras 04 06
t:12 t:30 t:12
n 3.5 | (0,0,0,12,13,23) 456
n 5.1 | (0,0,0,0,0,12+34) 6
n 5.2 | (0,0,0,0,0,12) 6
(136 + 246)* | (136 + 246)*
2.5 | (25,-15,+45,F35,0,0
i (25,-15,:45,%35,0,0) (146 + 236)* | (146 + 236)*
1IB
algebras 05
£:30 t:12
n 3.14 | (0,0,0,12,23,14-35) (45 + 26)*
n 4.4 | (0,0,0,0,12,14+23) 56 56
n 4.5 | (0,0,0,0,12,34) 56 56
n 4.6 | (0,0,0,0,12,13) 56 56
n 4.7 | (0,0,0,0,13 + 42,14+23) 56 56
n 5.1 | (0,0,0,0,0,12+34) 56 56
(13 + 24)*
2.5 | (25,- 15,£45,35,0,0
S ( ) ) 7:F "y ) (14 + 23)*

Table 3: Summary of solutions. For every solution we give the type of the pure spinors and the
cycles where sources should be wrapped to obey BI. The asterisk means that the solution is not
related by T-duality to O3 solutions on 7°. We have not included in this table fluxless solutions
(all the solutions with O7-projections, as well as some extra solutions with O6 projections).

the best of our knowledge, they are the only examples of Minkowski vacua with internal
compact solvmanifolds not obtainable from the standard 7°¢ by T-duality.

In order to keep the discussion as light as possible, we put the supersymmetry equations
and the general form of the pure spinors in appendix [J. Here we simply give the form of the
solutions. We organize them by models according to the algebras defining the manifolds.
Some solutions come in copies related by symmetries of the structure constants, like for
example an exchange between 1 and 2 in the algebra s 2.5. For these cases, we give only
one solution. The algebra s 2.5 admits solutions with orientifold projections of different
dimensionalities, while the others admit only one type of orientifold projection.

5.2.1 Model 1 (n 3.14): O5 orientifolds for SU(3) structure

The supersymmetry condition (f.9) requires that every type 3-type 0 solution in IIB
theory should have an integrable complex structure. From the equations ([C.1]) we see that
the pure spinor associated to such a complex structure is given by e“Qs3. The compatible
pure spinor corresponds to a non integrable purely symplectic structure defined by J. The
three-form Fj is the only non-trivial RR flux allowed by SU(3) structure together with
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the O5 projection, consistently with the results of [I9] (there can also be an exact H-field,
H = dB, carrying no flux). As usual, the equation for F3 implies that its equation of
motion, (f.9), is automatically satisfied. The Bianchi identity, on the contrary, has to be

imposed. For the F3 given by (C.1)), (J.9) reads
gsdF3 = 200 (e *A.J) = §(D5) — 6(05), (5.4)

where we have used the primitivity of d.J, guaranteed by the condition dJ? = 0. Further
details about Bianchi identities for the case of O5 wrapping T2 fibrations over a four-
dimensional base are given in [RJ].

As explained at the beginning of this section, we search for solutions with constant
warp factor, i.e. pairs J, ) that satisfy (C) for ¢ and A constant, and that satisfy the
integrated Bianchi identities (F.1]) with O5-planes and possibly D5-branes as sources.

We found only one solution of this type: the model is 3.14 in table [ and has structure
constants (0,0,0,12,23,14-35). This corresponds to Mg being an iterated fibration

Stey > Ms

2
Tiysy — M;

|

3
T4 2.3

where the indices denote the directions that span the various tori. We choose the orientifold
to be along the directions 4 and 5. The holomorphic 3-form, the symplectic two-form and
the RR flux are?? (we omit tildes to simplify notation, but all e’s are unscaled):

Q3 = (e! —ie3) A (e? +iteb) A (e +ied),
J=—tie' ned + threQ Ael+ t364 A€’ ,
t
gsF3 = —(1e? — |7]%e5) A <z€2(e1 Aet = AP+ 2(el NeP +eP A e4)> . (5.5)

Tr

Here 7 = 7. +i7; is the only complex structure modulus left, and ¢1, t2, t3 are the surviving
Kahler moduli. The metric defined by J and 23 is positive definite if ¢; > 0. Notice that
we have omitted a modulus corresponding to the overall volume, that would have appeared
in the Q and J above multiplied by a power of 1/2 and 1/3 respectively. Such a parameter
would not affect the analysis below, and in particular nothing would fix it, and we would be
able to make it large, consistently with the use of supergravity and with the approximation
of using of constant coefficients and smeared source, as discussed above.

22This is not the most general solution. We have already imposed the consistency of the pure spinors
with the second orientifold projection required by tadpole cancellation as discussed later.
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To see that we need a second orientifold plane, it is enough to look at the derivative
of F3

2
t
dF3 = — ﬂ (—361/\62/\63/\66—t261/\63/\64/\65>
gs Tr
2
t t
_ ol ( 2 voll_ 4+ = v012_> : (5.6)
gs \Trtita tits

where voll_, vol2_ denote the volume forms orthogonal to 45 and 26, normalized so that
{(voli_,Im®, ) = voli_AJ = +vol (see comment after (5.1) and ([.1)). Comparing to (F.1)
we see that both contributions have to equal the charges of orientifold planes wrapping 45
and 26 since the t; cannot be negative (a positive definite metric requires ¢; > 0). These
two orientifold planes are obtained by a projection of the theory by the group generated by
{Qws 01,0102}, with o7 2 the reflections along 1236 and 1345 respectively. Both projections
are allowed by the structure constants. The integrated Bianchi identities then fix ¢; in terms

1 ﬂt :49Lt :49M where 7 is
16gs [ 72 STr[>¥3 Sl

of 7. In the absence of branes, we get t; =
free.

Unfortunately this “global” solution needs intersecting orientifolds, and this makes it
difficult to introduce the warp factor. Even the possibility of ”smearing the orientifolds”
in the 26 and 45 directions and performing the rescalings (.J) is excluded since it is not
compatible with the local Bianchi identities. We return to this issue in section [.3.

The model is non T-dualizable to an O3 because 04 and 95 are not isometries of the
metric. (The general criterion for a direction = to be an isometry is that it should not
appear as a lower index in a structure constant, f%,, = 0 for all a,b.) Another way to see
that we do not get this model by T-duality of a 7 is that this manifold has b; = 3, while
by performing two T-dualities on a 7 with an H flux that has at most one leg on the
T-dual directions we get models with b; > 4.

Notice that this model has actually N' = 2 supersymmetry: if one conjugates z' and
23 in Q3 given in (B.J) and leaves J as it is, one gets the same metric and flux.

To conclude our discussion of this model, notice that the solution (b.5), (b.6) seems to
have an apparent isometry in the direction 6. So it is natural to ask if we may T-dualize and
what the result of the dualization would be.?3 One would naively get an O6 along 456 and
an O4 along 2, on a manifold whose corresponding algebra would be (after a redefinition)
n 4.6. The projections for these O-planes are Qws(—)" o123 and Q3456 respectively.
The product of the two is (—)fZo1456. This is not an usual orbifold, in that it treats
left- and right-moving fermions asymmetrically. The non-geometric construction of [B(] is
a resolution of a similar orbifold. One would expect therefore to need some conceptual
change to the framework used in this paper (which is fully geometric) to describe such a
configuration, which we expect to be a valid string-theory background because it arises
as T-dual to a valid vacuum. If one tries to proceed in spite of this, one finds a model
with pure spinors of type 1-type 2, that indeed have the appropriate F' to account for

231n order to perform T-duality we need to choose the modulus 7 to be real. Otherwise, we are forced to
redefine €% = €% — 13¢5 and €% = 5. The resulting change in the structure constants would lead to the loss
of the isometry
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sources along the O6 and O4 detailed above. However, on the fixed locus of (=) o456
one expects a source for H, and this is not the case. It is interesting, nevertheless, that
the geometrical approach “almost works” also in this case; it seems to indicate that the
pure spinor approach might be modified to account for some non-geometric vacua as well.
Another hint in the same direction will be described in section [.J.

This is the only solution for O5-planes and SU(3) structure. Before moving on to the
other solutions (on solvmanifolds), it may be useful to show how the other constructions
of this type fail. There are 17 six-dimensional nilmanifolds with some nonzero structure
constants that admit a closed type 3 spinor Q3 (see figure [). For all these, one can find an
integrable complex structure compatible with at least one of the possible O5 projections,
i.e. a closed Q3 of the form (CJ) but only 8 out of the 17 admit a compatible J that satisfies
dJ? = 0. The last equation in ([C.1]) defines F3. For for all these model dFj is purely along
e}k A ei Ael Ael and it has the sign of a D-brane charge. So an extra orientifold is needed
in the directions (+,+,-,-). Such orientifold planes would be supersymmetric with the
original one (since they would have four mutually orthogonal directions), but in all cases
the structure constants are such that they do not allow this second projection. Therefore,
there is no possible solution to the Bianchi identities. Notice that 3.14 is the only example
that does not show this feature.

From the general form of 23 and J we see that for models with SU(3) structure and O5-

planes there are 5 complex structure moduli: the constants 71, 71,..., 7% in the expression

in (C.2), and 5 real Kihler moduli, the ¢; and b in (C.3). Demanding integrability of the
complex structure fixes one, two or at best three of them. Similarly the equation dJ? = 0,
whenever it has solutions, fixes at most two (real) Kahler moduli.

5.2.2 Model 2 (s 2.5): O5 orientifolds for static SU(2)

This is the first model of a series that uses the same group, corresponding to the algebra
s 2.5. We know that this group can be made compact by a choice of a I' because of the
criterion of ref. [iJ], as reviewed in section 2. A priori, it is guaranteed that this lattice
exists, but not that it is sent into itself by the orientifold action. However by writing down
an explicit representation for the algebra we can explicitly give the lattice (with integer
coefficients) and check that it is left invariant by all the orientifold projections we consider
in this paper.

For one possible quotient G/T", the topology of the manifold is S{16} x Ms, where M is
a T{2172} x T, {23, 4}—ﬁbration over 5%5}; the fibration is defined by each of the two T2 identified
with itself up to a 7/2 rotation after ° — 2+ 1. This can be thought of as an orbifold of
TS in which one quotients by a shift by one quarter of the period in direction 5 along with
the rotation just described in directions 1234.

We will start with a static SU(2) structure in IIB. The supersymmetry condition ([.9)
requires that the manifold should have a hybrid integrable structure with one complex
dimension and four (real) symplectic ones.

Model 2 corresponds to 2.5 in table f| with a = 1:2* (25,-15,45,-35,0,0) and an ori-

24This algebra was also obtained by Villadoro and Zwirner from a gauged supergravity analysis based
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entifold in the directions 13. The pure spinors (B.49) compatible with the orientifold
projection are built out of

b t
Oy = 2'02% = (el i(—Tied et +1ie))A <63+2’<72264+7'3265+ <2t—T22+t—1T21>62>>
2 2

3

=B =ml el

(t1z' A2 122 ANZP+b(2T A2 =2 A7) (5.7)

N | =

j:

where T;, t1,t2 and b are real, while T34 are complex. There is no NS flux in the solution.
The RR three-form flux has a long and not very illuminating expression, so we only give it
for a special choice of moduli below. On the contrary its exterior derivative is quite simple

TP () + ta((73)2 — 1) + 2brd 3

dFy =
3 s toIm(r; 7; )

(ePABNnE Nl —enetnedneb) . (5.8)

The two contributions need to be matched by sources wrapping the directions 13, as well

%5 Wedging with Im®, as

as 24. We can a priori have orientifolds in both directions.
in ([.I3) to obtain the singlet in the flux effective charge, we get indeed a positive quantity,
which means that the solution needs orientifold planes. As for the individual contributions
in (B.§), it is hard to see what their sign is for a general choice of moduli such that the metric
defined by @, ®_ is positive definite. (It is easy to write down explicitly the inequalities
that define the open set in which the signature is positive by looking at its characteristic
polynomial, but the expressions are complicated and the correlation with the sign of the

charges is not clear.) However, we can make an easy choice
=T =12=0, 75 =1, 7 =i, b=0, (5.9)

while we leave 74 free, and t; > 0 for the positivity of the metric. In this case, the metric
is diagonal:

2
g = diag (tl, é@;)?, ta, t1(m9)%, 1, 1) . (5.10)
and is clearly positive definite. For this choice, the flux and its tadpole read
1 t
Fy = —— <1 - —1(7'21)2> (' Anet Ael +e? Aed Aed)

Js to
2 t

dFy = —— <1 - t—1(7'21)2> (etAeBne neb —e2Aet Aed Aed) (5.11)
Js 2

Wedging the individual terms with Im®_, we get that both are proportional to the volume,

with a constant of proportionality equal to gﬁ%(l — A) for the first term, and — 7 2521 % %

on [E, E, E]: it realizes Scherk-Schwarz compactifications from 5 to 4 dimensions that break N/ = 4 to
N = 2 (which becomes N' = 1 after the orientifold), corresponding to a twist in the diagonal subgroup of
SO(2) x SO(2) € SO(5) ~ USp(4), and to a consistent N' = 4 gauging. We thank them for pointing it to
us.

25In order to apply consistently a second Zs projection in 1356 (to have an orientifold fixed plane in 24)
the moduli would need to be restricted further. The particular solution in (@) allows for this second Zs.
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for the second, where A = %(7’21)2 . While the sign of each depends on the sign of 1 — A, we
see clearly that they have opposite signs, and one of them is matched by O-plane charge
(the first one, if 1 — A is positive) while the other is cancelled by D-brane charge. We also
see that in any case the total charge of the sources should be negative. Imposing charge
quantization will this time fix the ratio t;/to.

Note that for the choice of parameters (5.9), the flux and metric are invariant under
a change of sign of 75. However, the SU(2) structure is not invariant under such a change,
which amounts to conjugating z' and z2. This means that there are two inequivalent pairs
of pure spinors giving rise to the same solution, or in other words, that the solution is
N = 2. This is not the case for the general solution, where changing the sign of 7 gives
rise to a different metric, and a different flux (since 74 appears linearly in the metric and
the flux whenever b # 0). At the special region in moduli space given by (b.9) there is
therefore an enhancement of supersymmetry.

Notice also that for %7'21 = 1 the manifold is flat with the metric given above. In this
case, there is no F3 flux, and the O5 charge has to be cancelled by D5-branes on top of it.
We will say more about this in section [.2.5.

5.2.3 Model 3 (s 2.5): O6 orientifold with SU(3) structure

The same algebra we used for Model 2 admits a solution with O6-planes in 136. This
model is actually T-dual to the previous model, but we include it because it is the only
SU(3)-structure O6 we have found.

The pure spinors are given in terms of the forms

t b
Q3 = (62—1—1'(7-1161—1—7'2163—1-7'3166))/\ <e4+z' <—Tlle3+7'§e6+ (t—17'21— t_3T11> el>> /\(e5+i7'§eﬁ)
2 2

= ;1 ANZEA 23
J:% (t1 AN 4ty PN 4tz BAB IR (TN P /\zk)> , (5.12)
where by = — 2 (74bg + 72t2) and by = <5 (741 + 72b3). The H-flux is zero, as it should be
73 73

for SU(3) structure. As in the previous example the general solution for the RR two-form

is too long to be shown. Its exterior derivative is

dFy = —

2(+3)2 1y2; 192 _ )4, — 271-1p
(35) (7'2)2) 1+ ((r4) Jt2 — 27y T3b3 (@@ AetA —e nePned) . (5.13)

Js tg((Tg} t1 + (T§)2t2 — (T?‘?)th + 27'317'32b3)

This should be matched by sources wrapping cycles in the directions 136 and 246. The net
effective charge of the fluxes is obtained wedging with Im{)3 and it is easy to check that
it has to be cancelled by orientifolds planes. In this case we can also determine the sign
of the individual contributions and it turns out that they have opposite sign, i.e. one need
orientifolds, while the other needs D-branes. Which one is which depends on the relative
values of the moduli. Note however that if we needed orientifolds wrapped in 246, we would
need to constrain the moduli further, such that the pure spinors transform appropriately
under a reflection in 135. This would require 74 = 72 = 0.
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We can also find a particularly simple solution
n=n=m=15=0 15=1 by =by=0bz= (5.14)

leaving 75 free. The metric is diagonal

. (H
g = dlag(i(Tg)Q,tl,tl(T§)27t2,t37t3> s (5.15)
and we leave t; free. Here F, has a simple expression

1 t()* —ty

Fy=
Js tots3

(e Aet +e2 ned). (5.16)
For (13)%*t; = t2 (and any value of t3) the flux is zero and the manifold is flat.

This particular region in moduli space does also lead to an enhancement of supersym-
metry to N = 2, as the metric and the flux are invariant under a change of sign of 74 (which
conjugates z' and z?). This is the T-dual version of the enhancement of supersymmetry
in Model 2.

We obtain a similar solution for O6 wrapping 146 (which, in order to cancel tadpoles,
needs D-branes wrapping 236).

5.2.4 Model 4 (s 2.5): O6 orientifolds for static SU(2) structure

The solvable algebra 2.5 admits also a type 1-type 2 solution with an O6 along the directions
136. The pure spinors are built out of

0 523:73_654-2'7';66

1
-
O =2 022 = (7’1161 + ’7'2163) A <’7’12€2 + 7_—27'1264 + ’7’3?65)

1
1

j= = (tiz' A2+ 127 A F7) (5.17)

N | .

where 7'3[ are real and T]Z: are complex. The NSNS flux and the exterior derivative of the

RR 2-form flux are

H:h12€1/\62/\€6—h21€3/\64/\66—|—h3261/\65/\66—|—

1 /1) T
— (—21h12 — —11h21> (e1 ANet Aeb—e? Aed A 66) —

2\ 1 T
1 /712 rir2 7k
—< 21 ?éh12+ 11 :;hgl —2—21h32 e3ne’ A el
2 \71y7q Ty Ti Ti
12 112 1=1
Til“t1 — |10 |“te Im(7y T
dF2:2|1| Tl i (12)(61/\63/\65—62/\64/\65) (5.18)
112+
9s |71 [273

Since Fy = 0, dF5 has to be fully cancelled by sources wrapping the cycles 246 and 136.
It is not hard to see that when wedging the individual terms in dFy with Im®_, they
have opposite signs. One is therefore cancelled by D-branes, while the other by O-plane
charges. One more time, the net charge of the sources needs to be negative, verifying the

,39,



no-go theorem. We give again a particular solution for which H is real and the metric is

diagonal, and the fluxes have short expressions:
m=1=1, 7y =i, 73=0, hy=—h, hyp=0, (5.19)
in which case the metric reads
g = diag(t1,ta, t1, 12, (15 )%, (13)?) . (5.20)
For the solution, the NS and RR fluxes are

H:h12(61A62A66+e3Ae4Ae6),

1 /h t1 —t
ng—(%(el/\62+e3/\e4)—17_2(1/\e4+62/\e3)> . (5.21)
s T3 T3
The exterior derivative of Fy is
t1—1t
dFy = 22— 2 (' A Aed — e net A ed) . (5.22)
gs T3

The sign of each contribution depends on the sign of ¢1 — to. If to > t1, then the source is
matched by O6-planes wrapping 246, and D6-branes wrapping 136, and the converse for
to < t1. The case t; = to corresponds again to a flat metric. We also have a D4-charge
induced by H along the direction 5, proportional to h%,/(gs(73")%t1t2).

We obtain a similar solution for O6 wrapping 146 (which needs D6-branes in 236 to
match the effective flux charge).

Finally, a puzzle seems to arise about applying T-duality to this model. Even in
the particular case (p.19), the T-dual algebra would have structure constants (25,-15,45,-
35,0,124+34). The algebra is obviously solvable, yet we could not find it (or anything related
by change of coordinates) in the classification [BJ]. Although it gives rise to a model which

seems to be perfectly sensible; we do not write down the solution.

5.2.5 Fluxless models

As we have already remarked, some of the solvable algebras admit a flat metric. It is
hence possible to have compactifications without any flux at all. We have already seen
that each of the models found on the algebra s 2.5 included a flat limit possibility. There
are a few other such examples that one can build. As we reviewed earlier, on a flat
manifold there is a complete basis of covariantly constant spinors. Since in this paper we are
considering left-invariant forms only (for global solutions) we should restrict our attention
to spinors which are also constant. For the algebra s 2.5, it turns out that there is a two-
dimensional space of constant, covariantly constant O(6) spinors of a given chirality. Now,
consider one of them, 1!, and build from it a ten-dimensional supersymmetry parameter
€' (see the decomposition ([A.2)). The orientifold projection will determine now a second

2 with an internal spinor n?. This spinor, however, will not

supersymmetry parameter e
necessarily be covariantly constant, even if a basis of such spinors exists at every point,

because it might lack the appropriate explicit coordinate dependence to cancel with the
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spin connection term. Hence in our analysis of fluxless solutions with orientifolds on the
algebra s 2.5 we can find anywhere from N = 2 to no supersymmetry at all.

Some supersymmetric examples we have seen already in the previous subsections (all
based on the algebra s2.5), arising at particular points in the moduli space of solutions
where the flux goes to zero, and the manifold becomes flat. There are a few more O6
solutions with no flux (for example, s2.5 has a solution with no flux with an orientifold
in 125, which is not obtained as a limit of a solution with flux). s2.5, however, is not the
only algebra whose associated manifold is Ricci-flat with the metric equal to the identity
in the basis e®. The algebras 2.4 and 4.1 of table [J also share this property. These are built
out of the only three-dimensional compact solvable algebra: (23,-13,0) (which gives rise
to a Ricci-flat manifold for the identity metric). 2.4 consists of two copies of this algebra,
while 4.1 is a direct sum of this algebra plus 3 trivial generators. However, none of the
possible compatible pairs of closed pure spinors for 4.1 transforms in the right way under
the allowed O5, O6 or O7 projections. On the contrary, 2.4 admits no O5 solution (and
obviously no O6, since the structure constants do not allow for an involution corresponding
to an O6), but it does admit an SU(3) solution with O7-planes wrapped in 1236.

The O7 projection is special though, since for the SU(3) case, the constant warping
solution requires that F' = 0. Hence a flat metric is the only possibility. This implies that
none of the nilmanifolds can be a SU(3) solution with O7-planes, while solvmanifolds can.
Since there is no flux, strictly speaking there is no need for O7 to cancel tadpoles. If we
do quotient by an O7 projection, we can then just add 4 D7’s on top to cancel the tadpole
locally, so that no RR field-strength is required.

We give here the O7 solution for the algebra 2.5, for o = 1,26 and orientifolds wrapping
1256. The pure spinors for the SU(3) case are built out of

b
Q3 =22 A2 A28 = (5 +15(e® +iel)) A <e6 — 7'21t—(e2 + iel)> A (€ +iet)
2

J = %(tl AANE At AP0 NE b E A+t PN (5.23)

where 74 and b are complex, while ¢; are real. J and Q3 are closed, and compatible with
an O7 projection reflecting the directions 3 and 4. As usual, not any set of moduli gives
rise to a positive definite metric. We need to take t3 > 0, and tits — |[b|> > 0. Once
t3 is greater than zero, the latter is implied by the normalization condition (B.41]), which
requires t3(t1ta — |b|?) = 1. Finally, to see that this model is NV = 2 as predicted by the
general discussion above, one notices that sending e? 4 ie! — e? —ie! in both 2! and 22,
conjugating 22, and changing 79 — 75, one gets a new pair without affecting the metric.
We will now also show that there are O7’s with SU(2) structure on the same manifold,
s2.5. Take as before a = 1, and the orientifold wrapping 1256. As in the type 3 — type 0
case, the constant warping solution has no flux (a priori the type 1 — type 2 case allows
for H, but demanding H to be closed, compatible with the orientifold projection and the

26The family of algebras in 2.5 gives rise for any a € Z to Ricci-flat compact solvmanifolds for the identity
metric. However, only o = £1 admits O7 solutions, where the orientifold planes are wrapped either in 1256
or 3456.
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pure spinors to be d — H closed sets H = 0 for this algebra). Therefore, the pure spinors
have to be closed. They are given by those in table | with

)

O = 2P A2 = (E4i(riel + e + 1)) A (et +i(—mye! +1ie? + 1)),

Q=22 =1+ 1€l

j= %t ('AZh+ 2222 (5.24)

where T;: , are complex, while all the rest are real. Choosing for simplicity T;— real, 7,
pure imaginary, the metric defined by the pure spinors is positive definite for any ¢ > 0.
The normalization condition (B.41]), which for the general O7 pure spinors given in ([C.9)
requires (t1ts — |b|?) = 1, fixes in this case t = 1.

Once again, this example has N’ = 2 supersymmetry: one can obtain a new pair which
yields the same metric by sending Tij — —Tij .

To see that these examples are not the only ones, one can for example T-dualize along
the direction 6. This gives rise to two fluxless solutions (a type 3-0 and a type 1-2) again on
the algebra s 2.5 with O6 orientifolds wrapping 125.2” We do not give their explicit form
here. Just note that unlike the other fluxless solutions with O6 orientifolds on s 2.5, these
do not arise as special points in moduli space of solutions with flux. They also have no
RR field strength switched on, and need branes parallel to the orientifold planes to cancel
their charge, as usual.

5.3 From global to local

We consider now the problems that may arise when trying to promote a global solution
into a local one. We illustrate these with the case of O5 orientifolds in SU(3) structure,
and a single type of source. We also discuss briefly the case of multiple sources.

For an SU(3) structure and a single warp factor 24 if a (unrescaled) pair J, Qs is a
solution of the O5 equations in the limit of constant warping, then the rescaled €23 would
solve

d(e?3) =0 (5.25)

for any function A, with the one-forms rescaled as in (5.J). On the other hand, given
d.J? = 0, the condition d.J> = 0 is not automatic, since (J__)? and J, J__ scale differently
with e?. In order for an “unwarped solution” to be promoted to a full solution, we need
the stronger requirement

d(Jy  NJ__) =0, (5.26)

(as well as d(J__)? = 0). Inserting the expression for Fj3 in terms of dJ (eq. (C1))) in the
Bianchi identity imposes the extra constraint

dj__=0. (5.27)

27Starting from the similar solution with O7-planes in 3456, we get by T-duality other O6 fluxless solutions
with orientifolds in 345.
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If this is not satisfied, then the Bianchi identity for F5 gets contributions along ete e~ e~
directions, which cannot be cancelled by any supersymmetric source. Imposing these strong
requirements, the Bianchi identity for F3 (p.4) reduces to
T . S(z_ — b)) —
gsdF3 =V (e *)vol_ +2i00(J; 1) = > Qi———=—> vol_ (5.28)
; Vi
where V2 denotes a Laplacian along the unwarped é~ directions, >, Qi = 2Nps — 32

is twice the charge of Nps branes and 16 O5-planes (the factor of 2 arises because the
orientifold has half the volume of the original torus) and

volo = /G_ e A& A AL = (tity — D) (272 — 7lehy el A2 A& At

= %(j__)2 (5.29)

is the unwarped volume along the minus directions, with 7¢ = Rer’. The total six-
dimensional volume (including warp factor) is given by

vol = \/gel,/\ez, /\e?i/\ef/\e}r/\ei = vol_ A vol}
1 1 ' ~ _
= S Jp == %Q AQ = —8ie 24 (B, By (5.30)

where in the last two equalities we have used the normalization condition (B.49) for the
pure spinors (B.43).

All the solutions obtained by T-duality from a solution on a conformal 7% and imag-
inary self-dual three-form flux satisfy the requirements (p.26), (5.27) as we will see more
explicitly in section .4

All the non-T—dual solutions need intersecting sources. Let us discuss now the pos-
sibility of partially localizing these solutions by the help of two functions, A; and A,
depending only on the coordinates orthogonal to all sources. This implies that we are
smearing the sources in the Neumann-Dirichlet directions. This trick succesfully describes
partially smeared intersecting branes in flat space. It has chances of succeeding also in the
simplest case, namely in the models associated to the algebra 2.5. Unfortunately it does
not, as these models need sources of different charges. One possible reason for this failure
is that it would have been unphysical anyway to smear an orientifold source. However, it
is instructive to consider why this failure occurs technically. Let us show this very briefly
for Model 2, for the simple choice of moduli (p.9).

Model 2 needs intersecting sources wrapping the directions 13, and 24. Lets us call

the corresponding warp factors €241 and e?42. We define e! = eA1742¢1 2 = ¢~Ar1t4252

e
and so on, as in eq. (B.3). A; and Ay are functions of 5 and 6 only.

We want to see whether 1,7, Q2 given in (b.7), which are solutions in the constant
warping limit, can be promoted to solutions when A; are As depend on 5 and 6. All the
equations among the list in (C.4) that impose closure of forms are satisfied if we implement
these rescalings. Note that for this we need j = jy_, ImQy = (Ims);_ with respect to

both projections in 2456 and 1356, and so the equations are not satisfied for the generic
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solution: we need to restrict the moduli such that the pure spinors are compatible with
both projections. The equation that determines the 3-form flux is

gset Aty Py = (d(2 M T ReQy) = d(e*M1e! A&+ r2et2e? n et (5.31)

were T = 75. From this we get the BI (cf. its large volume limit, eq. (5.11]))

1
dFy = — [—df (&' & +&%&%¢%) + (r°Vige M 42126 %0 + (Vige 42 — 2 )6 63669
9s

= §(source) = Qu; §(z> — 230) 1262640 4 Qq; 5(x>0 — 230) éteed el (5.32)

where V2, denotes a Laplacian in the 56 directions, and we have defined f = e 442 _

72441, We see that the first term is + — ——, and is not cancelled by any other term, nor
we can wrap a supersymmetric source on those cycles. It should therefore be zero, which
implies that f is constant. The two warp factors are therefore the same, up to an additive
constant. But on the other hand, we see that the effective charges have opposite signs, and
therefore there is no solution, unless f = 0. In this case there is no effective flux, and the
solution corresponds to (partially smeared) intersecting sources in flat space.

All the solutions based on the algebra s 2.5 have this feature, namely the effective
charges have opposite signs. Model 1, on the contrary, needed two orientifolds to cancel
tadpoles. But for that model the situation is much worse, and there are all sort of (+———)
uncancelled terms in the Bianchi identities.

None of the non T-dual solutions found is therefore localizable (not even partially) by
the rescalings (b.3). We stress one more time that this does not mean that there is no way
of localizing the solutions we found, but it just means that the strategy that works in flat

space does not work for nil- and solvmanifolds.

6. T-duality, GCG and string vacua

T-duality has been an important tool in producing new vacua, and this is exactly the
way the nilmanifolds first entered the scene [B]. In our approach the T-dual solutions are
special, not due to the way they are found (in this sense they are not different from the
rest), but because they are particularly nice — they have a single source term in the BI,
and can be fully localized. The complete list of these solutions can be found in table f. We
will discuss here some examples. We use this occasion to give a discussion of how T-duality
acts on pure spinors that goes beyond the immediate application to nil(solv)manifolds.

6.1 Pure spinors and T-duality

T-duality on pure spinors is a Hodge star on the T-dual directions. In this section, we
are going to see this in the simple cases we will need in this paper, as well as (for three
T-dualities) in greater generality, revisiting the duality for SU(3) structure manifolds [51]
and giving some hints about the so-called non-geometric cases.

We will start with a single T-duality (in the direction x!, say). An obvious way to
compute its action on the pure spinors is by going to the bispinor picture and computing

— 44 —



the action on the spinors. Let us first see an example in flat space. It is easy to see that the
action of a single T-duality leaves 77—1F invariant, while multiplying ni by the gamma matrix
in the dualized direction [pJ; by comparing with (B.3§), one gets that ® is multiplied from
the right:

O = (dae' 4 idx®) A (do® + ida*) A (da® + idx®),
T . . .
¢ —P 4 = (1-y*) +ir") (2 +i°), (6.1)

from which we conclude

(dzt +idz?) A (dz® +idx?) A (da® +idx®) A4, (1 —idzt Adz®) A (da +ida®) A (dz® +ida®)
One can actually avoid going back and forth from forms to bispinors by mapping back left
multiplication using (B.35). Obviously this gives the same result as above.

We would now like to see what happens for more general S! fibrations. The method
above can become confusing: for example, the manifold is changed by T-duality, and one
has to understand on which manifold the +’s live. Here we will present an alternative
method, which is a little more precise, and that in the end shows what the rule (f.1)) really
means.

1. Consider a manifold M which is S! fibred. (We will use S! for simplicity.) Compute
the annihilator of the initial pure spinor ®. This is a subbundle Lg of dimension six
of T®T* on M.

2. T-duality can now be thought of as reexpressing Lg as a new bundle L on the dual
S fibration M. This is defined by dualizing the fibre (in the case of S!, just inverting
its radius), and exchanging the components of H with one leg in the fibre with the
Chern class of the fibration; operationally, this will be equation (f.3) below.

3. Finally, interpret L on M as the annihilator of a new pure spinor ®. This actually
only determines ® up to pointwise rescaling. The pure spinor equations (E2), (B3,
however, can be used to fix this ambiguity.

Let us isolate the coordinate z' on the fibre from the remaining ones y™. Also, similarly
to [B1], write metric and B-field as

1
ds3; = o?(de* + N> + dstee s B =by+ b1 A (dml + §A> . (6.2)
The expression for the metric is the usual KK one; the thing to be noticed is that in
B, it proves useful to put a seemingly strange % in front of the connection one-form .
by = %bmndym A dy™ and by = b,,dy™ are forms on the base.

The virtue of this definition is that T-duality can be expressed now as [61]

1
A by, g — . (6.3)
o
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(We will also use ~ to denote variables on the dual manifold M. For example, in this case,
b = 5\, A=0by, 6= %) The second relation is the well-known inversion of the radius; the
first implies, by taking d on both sides (nothing depends on '), that o, H < a |REER

We will now carry out the method itemized above for a pure spinor of the form
D= (e +ic*)ng.

While e! = o(dx! 4+ \), we do not require that e? is one element of the vielbein on the base.
In fact, to fix ideas, one can take ¢ = (e3 4 ie*) Aexp(ie® A €%), and again all the e?, a # 1
appearing in this expression do not form a vielbein on the base.

The annihilator Lg¢ is in this case given by

Lo = {(e' +ie?), Eid— 10, (&% +ie"), (Es+iEy)idl, EL0 —ieS, ELO.+ie’} .
o

Here, the index ¢ runs on the base; 9, = 0; — \;01; and E}l is a basis of vectors dual to the
basis of one-forms defined by the e? since (as in section 2) ETeb = §,°.

It turns out, actually, that applying the method directly to @ gives a ® which depends
explicitly on all the forms on the base defined above (A, by,bs2). This gets even less pleasant
when considering higher dimensional torus fibres. A better result can be obtained by
starting not from @ itself, but from e®® (compare (B.23)). We need not do any extra work
to derive the annihilator of the latter: it is enough to apply an appropriate transformation
to the derivatives: 9; — eP9;e B, 91 — eB01e7 5. This amounts to substituting

(Lo — Lepg ) 0, — 0; = 9; — (bij + bu\j))dy’ — (bidz' + X\idh) ,
01— 01 + by . (6.4)

Notice that the only element of Lg that actually contains 0y explicitly is the second.
Now we can apply step 2: this means d; « dax' (or, in other words, 9; = dz! and
drt = 51) as well as (6.3). In performing this step, we are not as much changing as simply
reinterpreting the various forms, vectors and functions on M with others on M. This step
is remarkably easy because of the happy circumstance that d; in (b4) is invariant: it has
the same expression on both M and M, d; = ;. Also, the second element now contains
101 +b) = 5(c/l;c/1 + ) = é&'. After writing L, it is also easy (since the d;’s are invariant,
again) to backtrack and retransform e? out, getting 51’ = 8; — \J; everywhere. We obtain

1 - . . . .
Lz = {(551 +i62>, B0, —iget, (2 +iet), (Bs+iFy)'0, EL0, —ieb, Eio; +ie5} .
It is clear that the last four elements have come just for the ride, getting back unchanged,
and for that reason we could have considered any ¢ in ® = (e! 4 ie?)¢. We have chosen a

definite example ¢ = (e3 + ie*) A exp(ied A €%) for sake of illustration. The resulting pure
spinor can now be read off the annihilator we have computed:

eBd =eP(e +ie?) A g T, B exp(—iet ANe2)A ¢ . (6.5)
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The result is very simple: apart from the initial eB, (B = by + 51(2{1 + %5\)), one can
perform the T-duality as if it were in flat space, by treating the e’s as dx’s, and apply
separately the exchange Lale < ¢1. That exchange, in our nilmanifold case, reads

o < Hyg - (6.6)

The reason for this simplicity ought to be clear. The real content of (6.3) is (B.6), which
is its topological part: the curvature, in other words, not the connections. By using dif-
feomorphisms on one side and B-field gauge transformations on the other, we can always
choose the connection to be for example zero in a certain region over the base, and concen-
trate its curvature somewhere else. But T-duality is local on the base. Hence it should be
possible to ignore all connections and remember them only when writing down the global
structure of the T-dual manifold, which is given by (p.§). This is practically what we do
in the rest of the paper.

There is actually a shorter way of seeing that the Clifford multiplication was essentially
the right T-duality operation. By composing the various steps in this subsection (B-
transform, T-duality and - B-transform), we have

1 1 A .
0, — —et, el — ~0y, ol — 0, dz' — dx* . (6.7)
o o

(2
This transformation can be reproduced (denoting collectively, as usual, al,ag,el,dxi by
I'p\) A — UTAU™Y, where U = 9; —e! (up to an overall sign which changes nothing in all
the annihilators). This is essentially the rule (.1]), which we now understand in this way:
we multiply the pure spinors by U, and then put tilde’s on everything. In other words,
this rule gives the functional dependence of the transformed pure spinor on o, b, A and
the other parameters in the metric.

We can then see another feature of the result: a single T-duality acts on the type of
the pure spinor (which is its lowest form degree: see eq. (B.29)) by changing it by 4-1. This
is because the operator U is linear in the I'p’s.

As we have already remarked applying the T-duality rules to P (as opposed to
®) was essential in order to reconstruct e® on the other side (rather than having some
components of it). This is related to the fact that it is d + HA, rather than d, that acts
on ¢ in the pure spinor equations coming from supersymmetry, (£.), (£.J). Indeed we
can always write locally d + HA = e~ PdeP. This way, d(e®?®) = 0 in one theory will be
mapped to d(e? i)) = 0 in the other theory. We will come back on this idea in the following
section.

Finally, let us remark on a point that we have ignored so far. The T-dual pure spinor
in (B.5) might have been, a priori, multiplied by an arbitrary function, without any change
in its annihilator. As noticed in item 3. above, however, the normalization condition
||®|]> = €24/8 (imposed right below ([.3) and (J£.3)) fixes this ambiguity. The factor e?4
does not transform under T-duality, being a component of the spacetime metric. Hence,
remembering (B.1G), that condition says that ® AX(®) should be proportional to the volume
form vol and that ® A A(®) should be proportional to the dual volume form \;cjl, with the
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same proportionality factor. This eliminates the possibility of a rescaling by an arbitrary
function, and fixes the normalization as in (.5). The fact that we used the supersymmetry
equations to fix this factor should not come as a surprise. This is the requirement that
supersymmetric vacua be sent to other supersymmetric vacua, and it should be thought
of as a “square root” of the way Buscher rules were derived in the first place, namely by
requiring that vacua be sent into vacua.

In fact, one can even think of the T-duality action on the pure spinors as implying
the Buscher rules, if one considers a pair of pure spinors rather than a single ® as we did
here. The reason is that a pair of compatible pure spinors determines a metric and B-field
(see section E) Consider the metric M = Z.7,Jp. In our case, J, = J+ and Jp = J_.
Using that the J’s are both hermitian (hence J 7T =77 ) and that they commute, we
can rewrite this as either

M=-JIJ =-J'1J; ; (6.8)

if one now transforms
T+ — (0H7 1 g=0, (6.9)
for O € O(6,6), one finds that

M — —oJgto 'z(0H) 17,0t = —0Jt 17,0 = OMO! (6.10)

where in the first equality we have used that O € O(6,6) (hence OZO! = T). (b.10) is
the appropriate transformation rule for M, as found in the T-duality literature (see for
example [J]) long before GCG was defined. If O = (Z 3), with a, b, ¢, d 6 x 6 matrices,
E = g+ B transforms as E — (aE+b)(cE+d)~!. For an even element of O(6,6), we would
have needed Jy — (O')~1J.O" instead of (f.9). The same result was found in the context

of mirror symmetry for tori in [[66], which remarkably enough predates the definition of
generalized complex structures.

6.2 Spinoff: applications to mirror symmetry

We can use similar techniques to revisit a question considered in [6I]: the transformation
law under “mirror symmetry” of intrinsic torsions for SU(3) structures.

Calabi-Yau three-folds are T3-fibred, and mirror symmetry amounts to T-duality along
those fibres [67]. The reasoning behind these statements comes from considering moduli
spaces of D-branes, and there is no reason those statements should remain true more
generally. However, if a manifold happens to be T3-fibred, one can define a mirror by
dualizing that fibre. This by itself is no profound definition; the surprise in [1] was that,
however, various quantities measuring the failure of M and M to be Calabi-Yau (called
intrinsic torsions) transform in a way which was more covariant than a priori expected.
Specifically, one could summarize their transformation law without reference to the 77
fibration structure on each side. The intrinsic torsions for manifolds with SU(3) structure
are differential forms W; (to be reviewed shortly) in the representations 1,8, 6,6, 3, 3; the
slogan in [61]] was that 8 + 1 « 6 4 3.

Rather than reviewing how this came about in [F1], we are now going to show how
generalized complex geometry helps rederive those results in a much shorter way, which

,48,



makes them completely natural and expected. (The relevance of pure spinors was antici-
pated in [p1]], but not fully put to fruition.) The reason we are including this discussion
here is that it is an easy application of the method described in the previous subsection
and of some ideas in [2(].

Let us start by reviewing what are the objects we want to transform. Given an SU(3)
structure defined by a pair (J,2), we want to give a measure of its failure to be a Calabi-
Yau. For the latter, we know that they are both covariantly constant, VJ = VQ = 0. The
condition d.J = d€ = 0 might seem to be weaker, but one can show with some SU(3) group
theory that it is actually equivalent. Hence we can use the differential forms dJ and df2 to
classify SU(3) structures which are not Calabi-Yau.

It is customary to break up these differential forms in SU(3) representations. The
aim of [1] was to compute the transformation laws of the different SU(3) representation
appearing in dJ and df). Here we will use a different approach which is more suitable to
the general context of SU(3)xSU(3) structures.

First of all, it is natural to use e’/ rather than J. Second, rather than using SU(3)
representations, one should use a decomposition which is more natural for SU(3)xSU(3)
structures. This has been suggested in [R(]: we review it here. One should use the “pure
Hodge diamond” (which here we specialize to the SU(3) case)

Q YT iy Q (6.11)

we have written here the bispinors corresponding to the differential forms. Remember that
in the main text we are deliberately confusing forms and bispinors to avoid cluttering the
equations. The gamma matrices acting from the left and from the right were divided in
section into four bundles of 3 dimensions each, L. Explicitly,

Y= Pl(da” +iJ"0,) . Y= (=P (da" +i"PD,), (6.12)
5= Pl (dz" —iJ"™,), 5 P = (=P P (da™ — iJP,) (6.13)

where p is the degree of the form these are acting on; the indices 7,i are holomorphic, and
n,p are real; and P = %(1 —¢I) is, as earlier, the holomorphic projector for the almost
complex structure I defined by €. (When I is not integrable, complex coordinates dz’
might not exist.) We have used (B.39) as well as ¢™" = I"™,JP". These act in the four
possible directions on the bispinors (or forms) in (p.11): for example, the sections ~ P of
L, act on the diamond (p.11]) by going up one position and right one position. This is
consistent with the fact that they annihilate ¢*/ and €. (In [Rd] L, was called L , for
this reason.) The four groups of gamma matrices have been carefully placed in the four
corners so as to correspond to the four directions of their action in the Hodge diamond.
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One can now define intrinsic torsions as follows
(d+HN)Q = WO WAL (yieH o7) £ W2 (y1e ™ o7) 4 W33 = L W20(Qy") + W (4702)
(6.14)
(d+HA)e“ _ W3OQ+W%.1(75973)+Wi1]»2(7i07j)+WO3Q+Wi10(eiJ7i)+W;01(wge“) .
(6.15)

It turns out that these are the only torsions present (for example, (d+ HA)2 does not have
any piece proportional to ¥*€2, even if it would be allowed by parity). The torsions W are
denoted according to the position of the corresponding form in the Hodge diamond, starting
from 00 on the top, 10 and 01 for the first row, etc. One can obtain more explicit expressions
for the W by using the pairing (B.16). One has for example W% = —8i(e="/, (d+HA)Q),
or I/Vilj2 = 2i(7Qvj, (d + HA)e) (we used (B.37) and we normalized the spinors to 1, thus
forgetting factors of e?). The following relations hold among the simplest intrinsic torsions:
W03 — W33, W30 — _W‘

SU(3)xSU(3) intrinsic torsions transform better than the usual SU(3) torsions. In
order to see that, let us derive the transformation law of €/ and Q. Explicitly, these forms
are taken to be

J=—Viedy' Ne®,  Q=E'NE>AE3, <E“ = ietdy’ + V2 (da® + X’)) (6.16)

E® being the (1,0) vielbein; V¢ is a vielbein for the three fibre directions. For more details
on the setup, see [pI]. The computation is now a variation on the one we saw in the
previous section, only this time with three T-dualities rather than one. Not surprisingly,
the result is that o

ePQ e |gplePe . (6.17)
As in the previous subsection, the presence of e on both sides is essential in getting a
result that does not depend on the explicit splitting among base and fibres (the analogue
of eq. (6.9)). This result was argued in [61]] in a much clumsier way. It also appeared in the
context of Calabi-Yau manifolds: for example in [pg, fJ] it was used to show that the D-
term BPS conditions for B-branes [[7(], which read Im(e?e®+¥¢?/), are mapped by mirror
symmetry to the stability conditions for A-branes, Im(e??ef'Q). A similar mapping was
argued in [[71] for the expression of the central charge for B-branes, [, eBri ch(E) %
and for A-branes, [ 4 2. Notice that in both these examples the exchange seems to be more
eP+i7 s Q) as opposed to (f.17). However, in the Calabi-Yau case the B-field is (1, 1), and
hence ePQ = Q.

Coming back to our endeavor of T-dualizing the intrinsic torsions, notice that (d +
HA) = e BdeP, at least locally in the base. (This is no loss of generality: both T-duality
and the intrinsic torsions are certainly local in the base.) It is now easy to compute
explicitly the action of T-duality on any intrinsic torsion. Let us consider for example
Wo0.

%WQO = (e (d+ HN)Q) = (B~ d(eBQ)) —

(eBQ,d(ePe™)) = (Q,(d+ HN)e ™) = ——W30 | (6.18)
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We have used that d does not transform, as it only contains derivatives along the base. The
factor |g¢|, which drops out here, turns out to be important for example for the exchange
W10 « —W20, The computation of the duals for the other W% is a bit more subtle

8

than the formal manipulation in (6.1§). The reason is that one has to decide whether to

transform the ’s or not. The answer is clear in the framework of section [.]. We saw there
that the transformation law for the pure spinor @ is defined by the one for the annihilator
Lg. The 7’s in this section are nothing but the four common annihilators (of ®; and ®_,
of ®, and ®_, and so on) Liy. So they do transform too: specifically, the ones acting
from the left are being swapped as

Ny (6.19)

This gives for example to ngl - VVZ?’Q. This exchange makes sense once one remembers
that none of these intrinsic torsions depend on the coordinates on the fibre: we are swapping
forms on the basis (W3 « W32), and multiplying by the appropriate projector at the end.
More details can be found in [6]]].

The general rule is now simple: W% « —J/3=4J. This amounts to a reflection of the

Hodge diamond, which does indeed look like a mirror map. Turning in particular to the
exchange W « —TW30, we recall the earlier remarked relation, W39 = —1W00. Hence W
is invariant. In fact, this had been derived in [6I], but it is not captured by the slogan
8+1 < 6+ 3. All the transformation rules derived in this way coincide with those in [F]].

The present formulation presenting mirror map as the reflection of the Hodge diamond
applies to more general SU(3) x SU(3) structures. Indeed, also for this general case the
pure Hodge diamond ([A:20) can be introduced, and the method explained in subsection [.J]
can be applied to pure spinors of any type, not just 0 and 3. The SU(3) x SU(3) framework
also makes it much clearer that morally T-duality is simply a multiplication from the left
by the product of the transverse gamma matrices I't, as one sees from (6.19). Indeed,
taking 4 = n} @ niT (even when n' = 7?) it is natural to multiply one spinor by the
transverse gammas and not the others: it turns out to be just the usual transformation

2

law e! — I'tel, €2 — €2 specialized to the decomposition (A.2).

6.3 Non-geometric cases?

We have also tried to extend (rather formally) the method described in subsection [6.] to
the so-called non-geometric T-duals. When H has more than one leg along the fibre to be
T-dualized, the expression one gets from the standard Buscher rules for the dual metric
and B-field becomes well-defined only up to a T-duality-valued monodromy: the metric
and B-field are not well defined separately.?®

#Incidentally, the simple exercise of checking the topology of the twisted tori (see section 2) can serve
also as an illustration of the non-geometricity. Going back to the three-dimensional nilpotent Heisenberg
algebra (0,0, N x 12), it is not hard to see that the corresponding nilmanifold can be produced by T-dualizing
an ordinary T° with the NS flux given by H = Ne' A €% A €3. This configuration naively allows for two
T-dualities. Indeed, choosing the original NS two-form as B: = Nz'e? A €3, and the metric after the first
T-duality as (@) dx? + dad + (das + Nxidae)?, we do expect to be able to perform the second T-duality
along direction 2. Yet due to the twisting discussed earlier (z*,z?,2%) ~ (2! + 1,22, 2* — Nz?), 92 is no
longer a well-defined vector: under z* — z* + 1, 92 — 92 + N85. Making it well-defined by e.g. changing
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The only difference with respect to subsection [.]] is that the B-field also includes
components with two legs along the fibre:

1 o1
B = by + bai(da® + S A) dy’ + 5Baﬁe%ﬁ, e® = dz® + \* . (6.20)

The Buscher rules now read

B B = L p 1 v Vig o Vo = — aﬁv A% b

— =—|——B— ;> = — ; c b

af h+B h—-B 3 i i h+ B Bi s i (7]
(6.21)

where hog = Va“VBbéab is the metric on the fibre. Notice that V is a vielbein for the dual
. . . 2 1 1
metric, which is defined as h*® = (H—B)mhw(m)éﬁ .
Consider a pair of type O-type 3 pure spinors. Applying the same procedure as in
subsection .1, one gets for the dual of the odd spinor

- - 1=~ - ) - )
ePQ — |gflexp | B —iJ — 5 Bas(e® + iV dy')(e° + VP dy) | . (6.22)

In the equation above, the tilde denotes quantities defined on the T-dual manifold. We
have managed to get rid of all the hats on the rhs, by using Voa B8 V},@ = —VaaBaﬁ%ﬁ and
Vaa = (5aﬁ —meﬁ)vaﬁ, and then to recombine all the new non-geometrical contributions
(containing B) into a single square. Notice also that, by the definition of the (1,0) vielbein
above (6.17), this new non-geometrical term is a (2,0) form.

The fact that one can still write pure spinors associated with a non-geometrical back-
ground suggests that the approach of the present paper might be applied in some way to
those cases as well, although we will not pursue this here any further.

We will present now some details about the computation that leads to (5.22), using
again the strategy outlined in section [.1].

Taking  as in (p.16]), one can compute its annihilator as usual. It is, however, better
to start from the annihilator of e, just like in section .1 This is most readily obtained
by using that

eBaiefB = 0; — (bz‘k + ba[@')\% + Bag)\?)\f)dyk — (bm' + Bag)\iﬁ)dxa ,
ePoe™P =0, + baidy® — Baﬁeﬁ ,

so that, similarly to (f.4), one has

Lo — Lopg:) 00=0; — X0y — 0; = 0; — (bi + bai A )dyF — basdaz® — X2, (6.23
7 ) (1) %
Do — Do + ba — Bage? (6.24)

with by = ba;dy® one-forms. Hence the annihilator of e?Q reads:

Lepg = {6251‘ — V(O + ba — Bage”), ieldy' + Vie® } .

the metric to de? + dai + (des — Nxadr)? makes the direction 2 cease being an isometry. Hence the
simple claim that the non-geometricity is associated with inability to perform consecutive T-dualities in a
background that naively has more than one isometry.
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We can now apply the T-duality rules in (p.21). Again (see comments after (£.4)) this step
consists of rewriting L. sq by reinterpreting forms on M as forms on M: for example, the
transformation of Bas in (B:21) is to be read Bns = B = —((h+ B)"'B(h — B)"1)*#
— or, inverting, B.g = B8 = —((h 4+ B)"'B(h — B)"1)*?. In other words, a ~ says
that a certain quantity lives on M; a ~ is simply the operation of multiplying left and /or
right (as appropriate) by (h+ B)~!. One can easily see that d; in (6.23) is invariant under
T-duality (just like it was in section B.1]) in the sense that d; = 0;. After having applied
this transformation, one can undo a B-transform to obtain

.~ ~ A~ ~ . Tax ~
Ly = {40~ iVaa(e® = BP(3g + Byy@)), iefdy' +V (B + Bage”) } .
One can take then ® to be
= . 1% = . . 1~
exp [— iVaie®dy' — S B9V iV gjdy'dy’ — §Baﬁéaéﬁ] :

This expression is more complicated than its counterpart in section p.1 due to the presence
of hat symbols. Fortunately we can get rid of them by using the relations

Baﬁvaivﬁj = _Baﬁ‘zav}ﬁ’ Vai = Vai - Baﬁﬁﬁ’yf/’yi .

We get

= = vy Lo traad | sman(T s

O =exp |iVidy'e* + §Ba5(Vf‘dyl + zeo‘)(Vjﬁdy] +ieh)| . (6.25)
This is the result in (§.24) where we used the explicit expression for J given in (f.1(),
and the fact that the pure spinors connected by T-duality are e5Q and e?®, with ® as

in (F29).

6.4 T-dual local solutions

In this section we will present some samples of the solutions related by a sequence of T-
dualities to an O3 compactification on 7% with a non trivial self-dual three-form flux and
F5 proportional to the warp factor (a type B solution). The complete list of these is given
in table fJ. The first examples of such local solutions appeared in [[] and their localization
is given in [RJ]. These are of the same type as the first model we discuss below, n 4.4 with
O5-planes and SU(3) structure. We will see here that all solutions of T-dual type have
completely localized liftings. In a decreasing order of completeness we will discuss three
solutions of IIB with O5-planes, one with type O-type 3 pure spinors and two with type
1-type 2 (an N = 2 version without H flux after T-duality and an N' = 1 with H flux),
and one solution of ITA with O6-planes with type O-type 3 pure spinors.

(n 4.4) with O5-planes, SU(3) structure. We start with the discussion of the IIB
background involving pure spinors of type 0 and type 3. This is a standard items in the
SU(3) structure classification. It has RR three-form flux and is typically labeled as type
C. We consider the nilpotent algebra 4.4 in table f| defined by the structure constants
(0,0,0,0,12,14+23). The general equations for this case are collected in [C.I]. Choosing to
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perform the orientifold projection along the directions 5 and 6, we can build Q3 and J (as

in [€3), (C3)),

Q3 = 2P A2 A28 = (el +irte? +ir?ed) A (e +irPe® +itted) A (5 + itTeb), (6.26)
J = %(tlzl ANZ b0z N2+ b2t ANZ2 — b2 A2 4132 A 2P

1 5,6

where the directions orthogonal to the orientifold are ebt = eld and 6}#2 = e”° corre-
spond to the O5 location. Overall there are 15 real free moduli. Some of them are fixed

by imposing the closure of Q3 and J? as required by equations ([C.1))

2142+ (1 -7t =0,
Re (t27'4 — ib7'2) =0,

Re (b(1+ 717 — 7°7%) +i(t17'7° + t27°7Y)) (6.27)

and the normalization condition of the two pure spinors given by t3(t1ts — [b|?) = 1.

Notice that the further constraints that we normally impose in order to have a local
solution, namely dJ__ = 0, dj++ A J__ =0, are satisfied without any extra conditions on
the moduli. It turns out that this is always true for all the T-dualizable cases, so that any
“global” solution can be turned into a good local one.

In order to check the tadpole condition, we have to compute the Hodge star of the
supersymmetry equation for the RR three-form in ([C.1)). The metric appearing in the star
is determined from the pure spinors as in section B For simplicity we derive it here for a
particular subset of the solutions of (p.27) where all 7’s real and satisfy

1 T4

3 1 2 +
=0 = —— =-2 Imb =ty — . 6.28
T 3 T 3 T T m 227_+ ( )

Without specifying these further, we are not guaranteed to have a positive-definite metric
on the internal space. Thus the 7’s should be further constrained. There are plenty of
values of moduli that ensure this. The only non-vanishing flux, F3, is given by

Tt

gSFg:tg[—él/\é2/\é5+2—4€2/\é4/\é5—27'4élAé3/\é5+
T

(TH (ANt ANS +E NS NEE +4 Nt NE) } + A sy d(e™ )
where x4 is the star on the base. Its exterior derivative
1 2, L oo 4 ) 21 4 22 4 23 4 4
dFy = — (6t3(7") —|—t—V_(e ))E NETNETNE (6.29)
Js 3

has only components in the four directions transverse to the orientifold. The constant piece
in the equation above gives the contribution that must by cancelled by sources. Wedging
it with J, we have
6 4
AFSMSU A J = —t3(7T )Pl A A Aet A el = — 203 (6.30)

9s Js
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and we can check that its sign is consistent with the no-go theorem discussed in section [:
the RR-fields have to be sourced by O5-planes.

As already mentioned this solution, like all the other global ones that can be warped,
is mapped by two T-dualities to a type B solution with O3 orientifolds transverse to a
six-dimensional flat torus. The two T-duality directions correspond to the position of the
O5 in the internal manifold, in this case 5 and 6. Since there is no B-field, 5 and 6 are
indeed isometries of the metric.

As discussed in section f.J], the effect of T-duality is to exchange torsion and NS
fluxes (B.6). The effect on the vielbeine is a rescaling and the disappearance of the connec-
tion pieces. To be more precise, the actual metric vielbeine are on both sides

—A —A

5 A /7755 A 5 17,2 5 € 5 € 5

€2 = e“y/tge® = e \/tg(dz® + x'dx e = €p = dx 6.31

g 3 3( + ) ’ gD \/g D \/g ( )
6_ A 156 _ A 6 174 273 6 et 5 e 4 6
e = e tg|tT|e® = eiz(dx® + x dx® + xdx e, = ey = dx

g 3| | 3( + + )? 735) /_t3|’7'+| D /_t3|7'+|

where eg, eg are the vielbeine, e;’;;f are the T-dual vielbeine, and é°, é® are elements of the

basis of one-forms that satisfy the differential equations (R.1]).

The T-dualized vielbeine have the right rescaling of an O3 solution, namely all e’s get
a factor of e=A. However the function e~*4 for an O5 depends on the transverse distance,
7, to the O-planes as 1/72 (see eq. (F-29), the Laplacian is in four transverse coordinates).
On the O3 side, this is what we expect from a “smeared” warp factor, independent of

44 5 25 gives a

the directions 5 and 6 (an O3-type function e 44 ~ 1/r% integrated over x
dependence of the form 1/72). This feature is model-independent — the directions along
which O5 is extended after T-duality will stay smeared in the resulting O3; exactly the
same happens with D5-branes, if the model has some.

According to the rules in section B.1], the pure spinors are T-dualized by doing a Hodge
star in the T-duality directions 56. In this case it is not hard to show that the T-dual &
have exactly the same functional form as the original ones except for an overall i. This
agrees with the fact that the supersymmetry preserved by an O3 is a = ib while for an O5
is @ = b and therefore the O3 pure spinors should have relative i with respect to those for
the O5. But this also implies that the form of €23 and J in terms of the vielbeine does not
change after two T-dualities (as we expect from the discussion in section [6.]], given that 56
appear in 2% only).

Since T-duality acts on the RR fields also as the Hodge star in the direction 56, it is
easy to see that the last term in the three-form flux (.29) turns into five-form flux

gsFP = e s d(e ), (6.32)

where we have used 4% = *, and F5D denotes the 5-form flux for the T-dual solution.
This is the five-form flux of type B solution and is related via Hodge duality to the exterior
derivative of the warp factor. All other terms of F3 are mapped into three-form flux. This
is the RR part of the self-dual complex three-form of the type B solution. Its Hodge star
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is
gs * FP = —x9dJ = t3Re(7) %o (e ANENEE F LN NS + 2 NEENE)
= t3Re(r") (B AN A+ NS A +ENEAED) . (6.33)

Finally, the NS part comes from the torsion as in (.) and is given by
HP =t hnnéh et netned +e2nednes . (6.34)

We can therefore see that one of the type B requirements, namely «F3 = e~? H; is satisfied,
since e~ %P = e*‘i’\/w = e;—jAeMtheT*. For a supersymmetric Type B solution the 3-
form fluxes F3 and Hs must also be primitive, and have no (0,3) or (3,0) component.
From (B.33) we see that *F (and therefore of F{’) is primitive if dJ is primitive, which
is one of the supersymmetry conditions of the type C solution (dJ? = 0). Furthermore,
F3 will have no (3,0) and (0,3) components if dJ does not have them. The compatibility
condition J A Q3 = 0 implies that the SU(3) singlet component in d.J is proportional to the
singlet component in df23. Since the type C solution requires df23 = 0, this singlet is zero,
and therefore dJ and consequently F?P have no singlet component. The T-dual solution is
therefore a supersymmetric type B solution.

Once more, we refer to the table [ for the full list of solutions of this type. Basically
for every twisted torus with by = 4 (i.e. with only two non-closed one-forms, €5 and €9),
admitting an orientifold in 56, there is such a solution. It is actually very easy to see that
for the dual models *F’ = HY since (up to factors of t's, 7’s and gs)

*FSD — s dJ = — %y d(6566) = — %o ( 5666%3‘ _ fi6j€5ei6j) — flféjefzeiej +fi6j€6€i€j — H??

(6.35)
Primitivity and absence of singlets are again guaranteed by primitivity and absence of
singlets in dJ.

(n 4.6) with O5-planes, SU(2) structure, N' = 2. Our next two examples, both
involving type 1 — type 2 pure spinors, we will discuss from the “other end”. Namely
we will start from a type B solution on 7° with O3-planes, perform two T-dualities (these
will be of a different type than in the previous case) and arrive at a localized solution on
a nilmanifold. We have chosen to present two different solutions with different amounts of
supersymmetry on the same nilmanifold.

Let us start from a configuration given by

J=e'net =N’ +efned=e A (e net — @ NE? + N e
Q3 = —(e! +iet) A (7 —ie?) A (b + ied)
gFs = ENEANS BN NE
Hy = NSNS+t neine’
gsFs = et s d(e ) (6.36)

It is not hard to check that it does correspond to a solution of B type, and has N = 2
supersymmetry. From J and €23 we construct ®1 for an O3 as in table 2, which transform
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under T-duality by a Hodge star on 56. Smearing the warp factor in directions 56, we can
perform two T-dualities in these directions. The dual fields are

P — eA(el +iet) A o7 Ne?+eOne?)
P = ie(e® +ie?)(ef — z'e‘g’)eﬂ'elA64
gsFP = —@NENS 4B NN + 2wy d(e )
HP =0 (6.37)

where e® and €% are now T-dual vielbeine, (% = ¢4&%6) and the structure constants are
given by (0,0,0,0,12,13). The T-dual fields have the form of type 1-type 2 pure spinors for

an O5, and solve our egs. ([C.4). Bianchi identities read

16 N
1, - . A
dFP = —(2+ V2 (e *))et neZnenet =2 <§ Sz —a')=) oz —a') | e AEAENE,
=1

9s

=1

(6.38)
where the first term in the last equality comes from the orientifold planes located at each
of the 16 fixed points x?, and the second term is the charge of N D5-branes located at x'.
In the absence of branes, tadpole cancellation fixes gs = 1/16. The constant contribution
is the T-dual of the type B flux effective D3-charge H3 A F3 = g%él ANENSNENEENES,
and fixes g, to the same value in the absence of D3-branes. On the T-dual side, we can see
that this solution is /' = 2 because the following pair @/,

& — eA(el _ i64) A e—i(e6Ae3+62Ae5)

P = —ieAeiel/\e4(66 —ie®)(e® —ie?) (6.39)

determines the same metric as 2 and is also a solution to the equations for the same flux
FP.

Even if the solution involves pure spinors of type 1 and 2, it is close to the previous type
C example since only the RR three-form flux is non-vanishing. As for the previous case,
there is a one-to-one correspondence between two solutions, i. e. to every supersymmetric
type B solution there is a T-dual supersymmetric type C.

(n 4.6) with O5-planes, SU(2) structure, N'=1. Via T-duality we can also obtain
“static SU(2) structure” (type 1-type 2 pure spinors but this time with A" = 1 supersym-
metry) O5 solutions but with non zero H flux. As before, we start from type B parent
solution on T°® with O3-planes

J = (6164 +ebed — 6562)

Q = (e! +iet)(e® —ie?)(eb +ie?)
gsFy = &teted — gleted — 2616%60 — 626160 4 626760 — 361e® — 36%¢0
H3 = —¢té?et — ele2eb — eledet — ele3ed — 28283¢t + %e%ed + 2835  (6.40)
gsFs = " xd(e™) (6.41)
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which has N/ = 1 (we have omitted the wedges between the forms). Smearing again the
warp factor in directions 56, and performing two T-dualities in these directions, we arrive
at the dual configuration with the dual fields given by

. (2 AeB L o3 A
dD — —eA(el+ze4)e i(—e*Ne’+e° Ne®)

P = iet(e® +ie?) A (€5 —ie®) A eie'e!

gsFP = —&leted — gleted — @2eted + &3eted + 2wy d(e™)
gsFP = e?4(28' — &% + &%)
HY = —¢&lé?et — eledet — 282638t (6.42)

The structure constants one gets from T-dualizing the H flux in (6.44) are (0,0,0,0,-13423.-
12+23). This set of structure constants is not to be found in the table [, yet after doing
some change of coordinates we arrive at more canonical model given by (0,0,0,0,12,13).
This solves our egs. ([C4), and the equations of motion for the fluxes (f.10), as well as the
Bianchi identities. For the latter, the flux charge is cancelled by the O5 charge together
with additional 11 D5-branes. On the O3-side, we need (besides the orientifold planes), 11
D3-branes to cancel the flux contribution H A Fj.

(n 3.5) with O6-planes, SU(3) structure. Finally turning to ITA we just quote one
of the solutions that is related to a type B solution on 7% with O3-planes by three T-
dualities. Considering the nilmanifold given by (0,0,0,12,13,23), i. e. 3.5 in table [, with
an O6 projection acting along 456 we can write down the following solution:

Q3 = (et +ieb) A (€2 —ied) A (€3 — 2ie?)
J=e'nel —e?ned —2e3 net
gsFy = 26T N5 — B2 N+ &3 net) — e g d(e™)
1
dFy = —(—6+V22(e )t ne2 néd (6.43)
gs
A generic solution compatibile with supersymmetry and the orientifold projection would
have 5 free moduli (closure of Re{2 imposes 3 equations for the nine real moduli ’7’;, while
closure of J imposes another equation). The solution we give above is not the most general
one in that the 5 moduli have been fixed.
Notice that there are no solutions for O6 and SU(2) structure obtained by T-duality.
A priori one could get them, for example, starting from a complex structure that couples
5 and 6 on a single holomorphic coordinate, and J = 56 + - - -, and doing T-duality in 456.
It so happens, however, that there are none. Once more, for a full list of IIA solutions the
table ] can be consulted.

7. Further possibilities

We have concentrated so far on four-dimensional Minkowski vacua partly due to the internal
space having a generalized Calabi-Yau structure. Extending our analysis to AdS, while
involving very similar methodology requires in general some modification of the internal
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geometry. We are not going to do this here. Instead as we will see now one particular class
of AdSy solutions does allow a GCY internal space, and this is exactly the case we are
going to present here. In this section we shall also discuss flat solvmanifolds and solutions
on non-compact spaces.

7.1 AdS vacua on SU(3) structure generalized Calabi-Yau manifolds

The supersymmetry equations for the pure-spinor given in ([£2) and (.J) were derived
under the condition of having four dimensional Poincaré invariance. However they can be
easily generalized to include a term related to a non-zero four-dimensional cosmological
constant [20]. The contribution of the cosmological constant modifies (f.2) and (f.3):

(d— HA)(e* 700, ) = —2ue % Re(d_), (7.1)
(d— HA)(*700_) = —3ie P Tm(ady) + 21 PdAN O_ + %e“ * MF) (7.2)

where 1 is related to the cosmological constant A as A = —|u|?2. These equations are
derived in appendix [A]; the change of variables ([A.T]) has been done in ITA.

As we can see, equation (.1]) does not imply any longer that the manifold is gener-
alized Calabi-Yau, as its counterpart with p = 0, (f.9), does. There is still some kind of
geometrical interpretation, though. From (F.1]), (7.2) it follows that

(d— HA)Re(i i e247%®,) =0 = (d — HA\)Re(e%®_) . (7.3)
An SU(3) structure manifold obeying the conditions
dRe(e'’) = 0 = dRe(Q) (7.4)

is a half-flat manifold. In view of ([[.J), one might want to call the general case (twisted)
“generalized half-flat”. In particular, consider the SU(3) structure case. The phase of
does not appear in the cosmological constant, and we can tune it so that ([.3) implies ([.4).
A half-flat manifold has indeed been proposed in [BJ] as the ten-dimensional realization of
the four-dimensional AdS vacua of [f]. The appearance of half-flat geometries looks curious
in light of their role as mirrors of Calabi-Yau’s with H flux [7J]; this allows for an explicit
construction of half-flat manifolds starting from CY geometry [7J].

The general AdS solution does not involve therefore a GCY, and this is the reason we
have not considered the AdS case so far in this paper. However, it was shown in [[], that
it is possible to have an AdS solution of type IIA theory (in the large volume limit) on a
Calabi-Yau — specifically an (untwisted) T7°. The cosmological constant is generated by
a combination of the singlet components of the H flux, Fy and Fjy. It is then natural to
ask whether there exist other AdS,; vacua where the internal manifold is a GCY and in
particular a nilmanifold or a solvmanifold. As we will see this is possible only in type IIA
and for SU(3) structure and thus for type 0 — type 3 pure spinors. AdSy solutions of ITA
have been analyzed in detail in [FJ]. We will give here a parallel analysis in terms of the
pure spinors.
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For type O-type 3 pure spinors, eq. ([.1) gives the following one- and three-form con-
ditions (the five-form equation is implied by the previous two):

dJ —iH = —2ijie""Rels (7.5)

where we have defined (05 = —ie?(® 9 Q3. and [ = pe~ie=h) (o and 3 being the phases of a
and b). From the same equation one also gets that the difference a — 3 must be constant.?”
Turning to the equation for ®_ and introducing ji = m + ¢m we get the following four

conditions:

3m— e Fy =0,
3mJ+ e« Fy =0,
3 .
imﬁ + et x By = —d(eMMmQs)
1 R
5mJ?’ — s Fy = e“H AImQ)s, (7.6)

where we have used ([.J) to simplify the system. Clearly, the RR equations of motion
(d+ H)(e** x F) = 0 follow straightforwardly, while the Bianchi identities are yet to be
imposed.?’

The equation of motion for the NS flux ({.1() simplifies to

3m(d — J A xd)Im(e2Q) + 12mmJ A J = —8mdA A Q. (7.7)

It is satisfied by dA = 0 and
A _ dm _ 4
dQ =i W, /\J—?e JNJT |, (7.8)

where W, is a real primitive (i.e. zero when wedged with Q or J A J) form in the repre-
sentation 8 of SU(3), and the second term is consistent with the expression for d.J in (F.3).
It is not hard to check that ([.§) also solves the F; Bianchi identity (which requires that
Fy A H ~ ReQ2 A (+dIm2) = 0).

Finally we can collect everything and write down the general supersymmetric solution
of the equations of motion:

3A = ¢ = const, dJ = 2me “Ref, H = 2me “Ref2,
3
Fy = bme—44 Fy— —e 4 & <eAdIm93 + ij A J) ,
Fy=3metAJAJ,  Fy= —%e—‘“‘JAJAJ. (7.9)

2In the 06 equations in section 5 we also give the equations in terms of {3 but with the “gauge choice”
a+pB=m/2.

30Recall that F = (d—H)NC — Foe®? and in configurations with non-vanishing Fj the bare potential B
becomes important.
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The solution is subject to the last constraint coming from the Bianchi identity for F5,
dFy — FoH = Qds . (7.10)

Here d3 denotes the Poincaré dual to the possible localized codimension three sources (O6-
planes), and @ is a numerical coefficient that may be zero. This equation can be rewritten
in a form that makes the constraints on the geometry obvious. Using the fact that Qg is
imaginary anti-self-dual and dReQ3 = 0, we obtain

(A +10e~24m? — 6e 24 m?)Refls = — Q03 (7.11)

where A = dd + dd is the Hodge operator.

Notice that by taking fi to be real, we find ourself in a situation where the twisted
generalized half-flat manifold happens admits a GCY structure (albeit not twisted, in
spite of having H-flux). Indeed, it is not hard to see that by taking m = 0, we find the
conditions of closure of J (and thus d®; = 0) and Re(Y3, familiar from analyzing the
Minkowski vacua. The flux Fg now vanishes, and the two-form flux has only the primitive
component, while the remaining RR and NS fluxes all contain only singlets. The only new
equation to consider is ([.11]). Differently from the Minkowski case this has two types of
solutions, with or without O6-planes, respectively.

e Backgrounds with O6-planes. The simplest geometrical situation corresponds to a
closed 3. This is consistent with the supersymmetry equations provided that F» =
Fs = 0 and the tadpole is cancelled. The dilaton and warp factor are fixed in
the solution, the only non-vanishing fields are H, Fy and Fj and the only active
component is the singlet, so the tadpole analysis is not hard: (7.10) becomes FoH =
—Q63. The obvious question to ask now if we can find any geometry, other than
the flat 7%, that admits two closed pure spinors, and the right involution. One such
solution is given by the solvmanifold (25,-15,-45,35,0,0), the 2.5 of table [] (taken here
with a = —1) . It is not hard to check that the real two-form J = e' Ae3—e?Aet+eP Aeb
and holomorphic three-form Q3 = — (e +ie3) A (e2 —ie*) A (€5 — i€d) are both closed,
while the corresponding pure spinors are compatible. Finally, they transform in the
correct way under the action of the involution corresponding to an O6-plane in the
directions 345: o(e™™) = €/ and o(Q3) = —Q3. We can therefore build an AdS,
solution & la [[] on this twisted torus; see also RJ] for a similar analysis. From the
other side it is Re{)s that gets balanced by the localized sources. Notice that Re€);
contains a part aligned with the O6-plane source (- - -) but also pieces orthogonal
to it, in (+ 4 -). The projection into the top forms is easy and tells us that all the
contributions come with the same sign, and thus in the solution multiple intersecting
O6-planes are needed, wrapping the directions 126, 346, 325 and 145. The pure
spinors above transform as they should also under these additional projections.

e Backgrounds without O6-planes. Eq. ([.11) allows for another type of solutions — if
both terms in the left hand side of the second equation are non-trivial, a cancellation
between the two is possible and so is a compactification to AdS,; without O-planes.
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This in principle increases the number of possibilities — looking at e.g. 26 symplec-
tic nilmanifolds we do not have to worry about the compatibility of the structure
constants and the involution. In practice finding closed J and Re(); is already very
hard. So is solving ([7.11]). Our search for solutions for this situation has not been as
exhaustive as for the Minkowski vacua, and so far we have not found any solutions

to ([[.1) of this type.

7.2 Flat manifolds

Let us consider again the manifold s 2.5 defined by (25,-15,-45,35,0,0). As already men-
tioned, it has closed compatible forms J = e!' Ae? — €2 A et + €5 A ef and Q3 =
—(e! +ie3) A (€2 — iet) A (e® — ie®). Moreover, we can check explicitly that the mani-
fold is flat. As we mentioned before, this should not come as a surprise, since all Ricci-flat
homogeneous spaces are flat [i].

As we just saw Ricci-flat solvmanifolds with closed J and €2 may lead to solutions
relevant for AdSy vacua. By virtue of being Ricci flat, these manifolds also would allow
for Minkowski vacua (of course, without any RR fluxes and thus hard tadpole conditions),
albeit with A/ = 2 supersymmetry. From the four-dimensional effective action point of
view (e.g. minimization of N' = 4 superpotential) these are as hard to get as any others.
Yet while being compact they easily circumvents the no-go theorems due to the absence of
RR fluxes.

A classification of lower dimensional (d = 3,4, 5) compact flat solvmanifolds exists [[74].
Not counting straight tori 7%, there are 6 compact flat solvmanifolds in three dimensions,
20 in four, and 62 with the first Betti number higher than one in five. These numbers
appear to be higher than one would naively expect — we had seen there exist only a
single compact tree-dimensional solvable (not nilpotent) algebra, one four-dimensional one,
four five-dimensional ones and eight six-dimensional ones. Thus the number of flat d-
dimensional solvmanifolds is much higher than that of d-dimensional compact algebras.
So many of such manifolds are obtained as cosets of higher dimensional algebras. Due to
this fact, even if there is a full classification, it is not given in terms of structure constants
and it is not obvious that these admit involutions compatible with O6 planes and are thus
suitable for compactifiations. The example mentioned here does correspond to one of the
five-dimensional compact solvable algebras (trivially extended by S'). It is also not hard
to check that the only thee-dimensional compact algebra (Es2) is flat as well.

7.3 Non-compact examples

In this paper we have completely ignored all the non compact cases of six-dimensional
solvmanifolds, which are the vast majority. Of course, the pure spinor equations apply also
to the non-compact manifolds and so we can analyze them along with the compact cases.
In a way, non compact examples are simpler since the Bianchi identities do not lead to
problems with the Gauss’ law, so the hardest obstacle in finding consistent models does
not apply. The reason why we ignored them is that we are interested in four-dimensional
vacua, while these manifolds give rise to theories that are not four-dimensional. Indeed,
while the ten-dimensional Poincaré invariance is broken and the coordinate dependence of
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all the fields is four-dimensional, the non-compact “internal” space leads to a continuous
spectrum and the theory effectively stays ten-dimensional.

In fact some solutions corresponding to non-compact solvmanifolds have appeared in
the literature, like for instance [[L(J]. This is a solution of Type ITA with type 0-3 pure
spinors, where the solvmanifold is defined by (0,13,12,0,-16,-15).31 We can construct

Q= H(ei + iTiéi) ,

o
J = %T—ZZ SNE (7.12)

where ¢! = (e4,e°,¢e%), &' = (e!,e?,e3) and 2' = (¢’ +ir?é"). 7; and t' are real parameters.

It is not hard to see that Ref2 is closed, and so is J under the condition
to =t3 . (7.13)

The two-form calculated by taking the Hodge star of dIm$ (see ([C.11))) is

1
Fy = — (T2 4+ 73)(e2 NS — e3 N eP)
Js tl

and the Bianchi identity gives dFy = _gs% (T2 +73) x (el AeP ned —el Ae? Aeb). There are

two contributions to the tadpole, and in order to see whether they should be cancelled by
D6-branes or O6-planes it is easier to project to the singlet component (the top-form) by
wedging dF, with ImQ). Both contributions enter with the same sign if sign(72) = sign(73),

and correspond thus to the same type of defect. As for the overall minus sign, we have

retained the freedom to chose the numerical prefactor in F5 and, taking e.g. ;—12 = % =—1,

we can cancel dFy by D6-brane sources (and still have a positive definite metric, as long

% > 0 for all 7). Thus the model is indeed consistent and does not in principle need

O6-planes. We emphasize once more though that this is possible only due to the internal

as

solvmanifold being non-compact.

We have not considered any other solution corresponding to non-compact manifolds,
however, since these are much less constrained than the compact ones, we expect to find a
considerable number of models of this type.

8. Discussion

In this paper we have found new N = 1 vacua of type II theories by solving directly the
ten-dimensional supersymmetry conditions for all compact cosets G/T", with G generated
by a six-dimensional solvable algebra. We believe these are the first supergravity geomet-
rical Minkowski vacua which are neither Calabi-Yau nor related to them by any duality.
Solutions that are not Calabi-Yau but are connected to them via dualities are much more
common (see for example [B, 2, FH-[7)). Another class of non-Calabi-Yau vacua has been

31By coordinate redefinitions this can be made (25,15,45,35,0,0) and differs from the flat compact case
by signs only. Those signs are such that in the former the adjoint representation on the nilradical contains
two copies of F1,1 (see discussion around eq. (@)) while the flat compact case it contains two copies of Fs.
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found by four-dimensional methods in [[g], but they involve small cycles, possibly with
high curvature, so they cannot be found in ten-dimensional supergravity alone.)

The reason we have chosen to work in ten dimensions is essentially twofold. First,
working with four-dimensional effective theories as it is usually done cannot presently
address non-trivial warp factors. Second, geometrical methods are available which make
the construction rather systematic. Showing this was one of the purposes of this paper.
Indeed, the construction of backgrounds is rather algorithmic. First one finds a closed pure
spinor (see eq. ({.9)) defining a generalized CY structure on a compact six-dimensional
manifold (in this paper, a solvmanifold G/T"). For nilmanifolds, this step has been to some
extent already carried out for us in [R1]. Examples in which ([£3) and ([£7) are satisfied in
the case of solvmanifolds have recently been considered in [[f, B0]. Then one proceeds to
build the most general pure spinor compatible with it, and such that eq. (|L.3)) is satisfied.
While its real part ([7) is closed, the imaginary part (l.§) defines the RR field strength.
Imposing the Bianchi identity on the latter is then the hardest part.

The only situations in which we have managed to find complete localized solutions are
those where the fluxes present are such that (d — HA)F contains only a single component.
This is the case for solutions connected by T-duality to the IIB compactifications on a
conformally flat 7% with imaginary self-dual three-form flux. Examples of the large volume
limits of T-dual solutions and the AdS, solutions have been constructed in the last few
years. For the non-T—dual solutions, there are mutiple orthogonal sources (depending on
the model, these can be either only O-planes or combinations of planes and D-branes).
Fully localized versions of these solutions are then notoriously very hard to find.

It is curious that three of the five solutions that we find (and almost all of the fluxless
solutions) are associated with the same manifold (2.5 of table []), that happens to admit
a flat metric (even if in the multi-source solutions discussed here the metric is not flat).
This is hardly a coincidence. Since the manifold is of trivial holonomy, it admits eight
covariantly constant spinors - just like 76! Yet it supports nontrivial flux configurations
which are not supported on the latter. The basic reason seems to be that on 70 it is
impossible to find a pair of compatible (left-invariant) pure spinors, where only one is not
closed; while they do exist on s 2.5 due to the non trivial twisting. Similarly, because
of the non trivial twisting, some of the covariantly constant spinors are not constant, as
well as some of the closed forms do not have constant coefficients (and are therefore not
left-invariant).

Let us also make some remarks on the geometry. The proof of the existence of closed
pure spinors in all six-dimensional nilmanifolds [R]] has been one motivation for this work.
However, the supersymmetry equations lead to two major modifications: in the presence
of H flux, we need a twisted closed rather than a closed pure spinor. In addition to this,
when passing from global to local solutions, taking into account the orientifold involutions,
we weight different internal directions by different powers of the dilaton and of the warp
factor. Hence, the GCY will not be left-invariant (that is, with constant coefficients in
the basis e® of forms provided by the nilpotent or solvable algebra). In this paper, we
have chosen to look for GCY structures which are left-invariant, hoping they will be one
day completed to warped supersymmetric solutions. It might be, however, that there exist
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solutions for which the GCY structure is not left-invariant in any limit.

In scanning the possible solvmanifolds we have been systematic. We have, however, re-
stricted our attention to those that, as well as being compact, have the following properties:
1) the solvable group G of which they are a quotient G/T" is algebraic; 2) they have a dis-
crete isotropy group. The first requirement is needed in the criterion [0] that we have used
to check that G admits a subgroup I' so that G/T" is compact. That criterion only applies
to groups with that property (explained in section R.J). This could be circumvented by
using the criterion [B7], which needs no such hypothesis. As for the second property, not all
six-dimensional solvmanifolds are of the type G/I" where G is six-dimensional. Indeed, one
can take a 6 + d dimensional group G with I' having in addition to six discrete dimensions
d continuous ones. The quotient would still be a six-dimensional compact manifold. To the
best of our knowledge, no models of this type have been discussed so far. Unfortunately a
more systematic study of these would be complicated due to the absence of classification of
the higher dimensional solvable algebras. The relative abundace of compact flat manifolds
which are predominatly of this type [(4] is some measure of the wealth of this unexplored
class of manifolds.

Another possible lack of generality is in the choice of the involutions used for the
orientifold projections. We have considered involutions that act as reflections in the basis
in which the algebras were given. There might be more general involutions. There certainly
are some obvious ones: for example, in the algebra in which the only non-trivial structure
constant is f%15 (5.2 in table [f), one can exchange the two coordinates 3 and z*. This
is obviously compatible with the structure constants, but it is related by a change of
coordinates to a sign flip on the coordinate 23, and therefore physically equivalent. We do
not know whether there exist involutions that cannot be related by changes of coordinates
to the ones we considered.

Finally, it would be interesting to extend some of these considerations to the so-called
“non-geometric” compactifications. In particular, from the present point of view it is
natural to consider the doubled formalism in [BI] as a certain class of twelve-dimensional
cosets (whose structure constants should be invariant under O(6,6)). The constraints we
solved here for the manifold to be compact might be relevant to those cases as well.
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A. Pure spinor equations for /' =1 vacua

In this appendix we sketch for completeness the computation that reformulates the super-
symmetry equations as the pure spinor equations ([.9), ({-3). The equations are from [R(].

We will show the IIB computations; the ITA case is almost identical. In fact, the
equations given in [R{] for type IIA become exactly the same as the ones for IIB in terms
of new fields

Fi=-AMFx) (= isMF)=—ixFa), g'=-p, H=-H. (Al

where 4 appears in the cosmological constant, see (A.J) below, but so that its sign is
immaterial.

This computation might have been done by decomposing ® = )", ¢4, remembering
that each ¢4 is a spinor bilinear because of the Fierz identities (B.3d), and computing the
exterior derivative of each bilinear. Happily, this is not necessary: one can always work at
the level of bispinors, without ever applying (B.3€).

First of all, since we are looking for vacua, the spacetime has maximal symmetry (it
is AdS4 or Minkowskiy); and, since we are looking for N/ = 1 solutions, we can only use
one spacetime spinor (; (and its Majorana conjugate (_). The ten-dimensional Majorana
supersymmetry parameters €1 2 then decompose, without loss of generality, as

d=¢¢ont+ont

. A2
=G+ on (4.2)

It will be convenient to choose a basis in which the internal gamma matrices ¥,,%? are all
purely imaginary. Due to the symmetry, we can choose a basis of four-dimensional spinors
¢ that obey

1
D¢ = §M'YMC+ (A.3)

so that the cosmological constant A = —|u|?.

One now starts from the gravitino variations [[Iq]:
1 e?
(DM B ZHM) e+ g +Fa)le” = 0

1 ¢
(pM + ZHM> @+ S (A T = 0 (A4)

(the slash is ten-dimensional here; Hyy = HynpI'NF /2; Fj, = Fy+F5+Fy and F, = F3+F;
are somehow misnomers, in that they are not really hermitian and anti-hermitian). By
using the self-duality of F10) (more precisely, F10 = (—)Int["/Z] *10 Fllé)_n), the general
splitting ([.4) and the formula

¢ v=i MO (A.5)

32Indices M are ten-dimensional, m are internal and p are along the spacetime.
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(remember that ) is the transposition as defined in (B16), M€%) = (—)™#/27}) one can
reexpress (7, +F,) in ((A.4) in terms of the internal F alone. This gives

1 e?
(Dm—ZHm>ni+§vani:0; o0, F— Y, H—-H|.  (A6)

(The equation for 12 is obtained by the boxed rule, which is valid for the external gravitino
and for the modified dilatino as well.) For M = y, one also has a contribution from ([A.J):

1 1 1
5,1“7l T3 e PAn} — §€A+¢F7ﬁr =0. (A.7)

Finally we have to look at the dilatino; but we prefer using the combination I'M §4py; — 0,
which gives () — §p)e! — 2He'. In our case this gives

2uent + P} + (@(M —¢) — iﬂ) ny=0. (A.8)

A1l doy
Let us now compute the exterior derivatives of the pure spinors defined in (B.39).

2 2 2 2 2
2 48, = 2{y"™, D (i)} = Pnint! + 4" 0 D' + Doty + nion?!

_ 1 2 2t H 13
= ( —2ue it — P2A — o)} + ZHHi)nﬁ + Ymnl (nﬁTm + g

H 1 o 1
+ (Tmni —~ gF%ﬁi)ﬁin + ni( —2ne AT — 2T (24 — ) + Zn?ﬂ)

= —Re(pe B ) (PRA - 0)F )+ [P+ B+ Py

ed)

6
1 € 2
3 il Iy — ry Pymmintiy™ . (A.9)

The H part reconstructs HA. To see this, it proves very useful to use the Clifford(d, d)
techniques reviewed in section [}, in particular (B.35). Defining \™ = dz™A, 1, = 1g,,, We
have, for any even form Ci,:33

(.G} 49" o Ht HoGou™ = H | (0 0%+ (1= ) (410

% <(>\ OO =02+ A+ 02 (A - L))] Tev

3
- Hmnp(% + bV + 23— )‘L2>¢ev

4
= gHmnpAmnp¢ev == SW

33 The right actions in this computation and in () are subtle: one has signs from (), and from the
fact that a right action inverts the order. Also, an expression like (A¢?)™"? does not suffer from ordering
ambiguities because it is multiplied by an antisymmetric form.
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We will now massage the RR part ([A.g). First of all, we notice that one can expand the
chirality projector 1/2(1 —~) as

1—7 1

= n-nt + §7m77+771’7m ; (A.11)

as one sees by applying both sides to the complete basis of spinors {ns,v™n+}.3* Let
us also temporarily pass to spinors of norm one, ni — ani, 77?F — bvﬁ. Using (A1)

and (A.g), (A.9) becomes then

o200~ 2t Y (00 - ) - 2] =
3 [\a!2e¢(1 — P —2-4-ant <E,u e*AniJr — bnzTﬁA)
(o219 +2-4- (apAnt — apenl )or? |

e¢’ _
= <[ (al? = b2 = (laf? + 62| +ab{ PAF+} — 2Re(fie " abg_).

(Notice the sign change in (14 ) — (1 — «) while passing through }'.) We now get back
to non-normalized spinors and reabsorb again ab and ab in the pure spinors. Finally, we
have to be careful in extracting the slash from the * and from the complex conjugation
(). For the *, (AA) tells us v§ = —ixX#). For the (), we have to remember that
gamma matrices have been taken to be purely imaginary: complex conjugation and slash
commute on even forms, but anticommute on odd forms. In particular, nl_nzT :g’(é_Jr =@,
but nln2f =B = —F_. (Also, Re(uP_) =i Im(9=) ).

Collecting everything, we get

_ ¢
e PO (d—HA) (0D ) = =3 e*AIm(ﬂ@wAA@ﬁ% [<Ial2—|b|2>F+é<|a|2+|b|2>*A<F)

This is the form in which this equation was given in [R0]. We can actually massage a little
further by computing (using judiciously (A.4) and (A.])) that

dn'l> = n*PdA,  dp*lP =n']*dA . (A.12)

Recalhng that |a|? = |n'|? and |b|> = |n?|?, this gives that |a|?—|b]> = c_e~ and |a|>+|b|> =
cye?, for ¢4 >0 and c_ > 0 two integration constants. Hence we get:

e 2 (d—HN)(e240d )= —3ie M m(ad_ ) +dAND , + 1L6 [c_e M Ftic, eATPx\(F)]
(A.13

with ||®[* = gl []*17%]* = g5(c}e* — 2 e7?4) (see (BAT) and (BI7)).

34The % in the right hand side comes when multiplying by v"n4+ from the right, which gives twice a

holomorphic projector.
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A.2 dd_ (IIB)

This one is much simpler: indeed
2 2 2 2 2
2 4" = 2[y", Dy (")) = P’ + 40k DT — Dyl Ty — plpn?

_ 1 2 2t H. 14
= ( —2ue 't — P(2A — ¢)n} + ZHH#)W + Ymnh <77T—m +ontiymy

1 3
it 1 B 1
- <Tm?7i - gF%?ﬁ)ﬁTwm —nt (2/“3 At 21924 — ¢) + Zni*ﬂ)

- 1 m m
= —4pe " Re(®s ) = (24 - ). $-] + 7 |H.B_] + B H" — HuPy"] ;
again the H part reconstructs HA, this time because (see footnote B3):
1
Wv wodd] + ’Ymaodde - m¢odd7m = Hmnp |:6 <()\ + L)B + ()‘ - L)3> (A14)

mnp

% ((A +OA =0+ A+ 0)?(A - L))} Toda
= Hypp (%3 A2 A3 - AL2>¢0dd

4
= gHmnpAmnp¢odd =8 H ) Codq ;

crucially, the RR term has disappeared because Wmnini Tym = 0 — a fact that follows from

®_ being a three-form for any SU(3) structure and from

Y@y = (=)*(6 — 2k) @ . (A.15)

Summing up, we get

e 2449 (d — HA) (249D _) = —2pe “Re(dy) . (A.16)

A.3 Bianchi and flux equations of motion

We will now see how the equations imply the EoM for the flux, and (if ¢ = 0) their BI.
(Remember that we have decided to call EoM and BI the first and the second equation
in (.9) respectively.)

We start from the EoM. For the Minkowski case, we saw this in (f.11). The general
strategy is the same: we take the imaginary part of (JA.13)

cretd x A(F) = 16((d — HA)(A9Im®., ) + 3e2A*¢Im(gq>+)) . (A.17)

and act on it with (d— HA); remembering (A.16), we are left with (d— HA)(e*4 x A(F))
(notice that ¢, is never zero); pulling out A from (d— HA) we obtain (d+ HA)(e*4* F) =
as desired (see the second equation in ({.9)).

0
0

It is not completely surprising that the EoM should follow from the conditions for
a supersymmetric vacuum: if (d + HA)(e** * F) were non-zero, one could interpret its
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right hand side as a source. These sources would be branes extended along the internal
directions only; hence they would break Poincaré invariance, contrary to our assumptions.
(This argument is not completely rigorous, as the branes could be smeared in the external
directions.)

We now come to the BI. Taking this time the real part of ([A.13), we get

c.F=(d— HN)(e" %Red,) . (A.18)

If c_ = 0, the first equation in ([.9) again follows by acting with (d — HA). This means
that no sources extended along the external directions as well as some of the internal ones
are present, either. It is only right, then, that the orientifold projection makes ¢_ = 0:
in this case, (d — HA)F = 0 does not follow any more, and the source required from the
presence of an orientifold is allowed. The orientifold makes room for itself, as it were.

Notice that in this paper we have always taken c_ = 0. In the Minkowski case, we
were forced to do so by the orientifold projection. It is noticed in [p4] that this is actually
the case whenever the background can admit a supersymmetric probe brane.

In the AdS case, ¢ = 0 is actually necessary: () tells us that eA~?Red, is (d—

H A)-exact, and hence must also be (d— HA) closed, which implies (comparing with (A.1§))

that ¢ = 0. (F is non-zero by assumption in this paper.)
As a final remark, notice that, once one takes c_ = 0, both pure spinors have a norm
2
||®|]? = ;—ge“. In the main text, (.9) and ([.J), we have taken c; = 2.

A.4 Sufficiency (d®i equations = supersymmetry)

We will now show explicitly why (A.16), (A.13) and (A1) imply the supersymmetry
equations (AA.6), (A.7) and (A.§). This proof was described in words in [R(]; here we give
the details.

The algebraic part of the proof consists in showing that a pair of compatible pure
spinors @4 defines two Weyl spinors n}r’Q. This is essentially because @1 define an SU(3) x
SU(3) structure on T'@® T* , and by projecting each of the two SU(3)’s one gets an SU(3)
structure on the base; each of these SU(3) structures can then be described by a spinor.
We saw more details about this in the discussion around equation (B.3().

The differential part is more complicated, and we will have to introduce some nota-
tion. In this subsection indices 41,71 ... and 71,71 ... are (anti)holomorphic with respect
to the almost complex structure I; defined by n', and similarly s, js ... and is,js ... are
(anti)holomorphic with respect to Iy defined by n?. m is going to be a real index. Let us
also define

1 . 1 . .
(=38 ) = it (D o ot = Q" + 0ol i@

1 . 1 . .
(P41 = @2+ T2 T2, (Dot Hon i = Q"+ 0 108 b+

(A.19)

a
mn

where n® = ¢ + 7%, and hence Qy,, and T} are real. This is the expansion of the

left hand sides in the complete basis of spinors v"n%, yn*, n®, for a either 1 or 2.

,70,



We can also use the “pure Hodge diamond”

d_ ’)’gl q)_,ng ,.Yil (i)_,.y]é P (A20)

to expand all differential forms. For example, for F' one defines

_ plo i 01 i 30 i W@ ~J 03
F = R;, P " +R V1@, + ROP_ +R21]2 Y ,7]2 +R21327 1§_~72 4 RO3G_
REZ4"$, + REP 4> (A.21)

due to J' = —F' (the 4™ are purely imaginary) one has R = R3~®:3-0,

The expansion of d®y fortunately does not define independent quantities, as they
can related to the Qum, Qmn, T, T, above by reexpressing them as [, Dm(ningj)] and
{Yms Dm (ninzT)} as we did in the previous subsections. We can now expand both equa-
tions ([A.14), (A.13) to give

Th = —2pe™, T} 4+iQ% =—8; (2A—¢+log b)), @}, =0 (A.22)
T —iQ? = —@1(2A—¢+log\b\)+z\a!2R§?, T = —3pe™ = —|a]* R
e? ) e?
Z|b|2R%11 = 0, A, ZQ%QJE - Z|b| RJ11212 (A.23)

lus  another set of equations obtained from these by applying the rule

1-2,a<b,R" - —R?»| and by leaving the other quantities invariant. The
equations ([A.29) and (JA.23) come respectively from expanding (A.16) and (A.13). Again,
in these expressions for example 9; (...) can be read as Iz, "0,(. . .).

Now by simply taking suitable linear combinations of (A.13) and (A.29) and (A.23),

we can derive the equations

Q%le =0, ZQZ2J1 = _|b| Rllm’
Z-Q%Q +8;, logla| = 0=14QL + d;,loga| + ez|b|23i120 (A.24)
a4 € e?
pe PR =0, T IPRD = 0,4, (A.25)
2ue 4+ T =0, T +8,24-¢)=0 (A.26)

along, again, with another set of equations obtained by the boxed rule above. These
equations are exactly the content of (A.g), (A.7) and ([A.§) after expanding in the basis
751 77_1“ 77_1“ viinl, nL or, for the equation obtained after the boxed rule, on the basis 752 ni,
173_, v2n2 | n?. This completes the proof.
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generalized complex

Figure 1: Integrable structures on the 34 six-dimensional nilpotent Lie groups, from [@]

B. Six-dimensional nilmanifolds and compact solvmanifolds

We collect some practical data on nilmanifolds and compact solvmanifolds here.

As already mentioned, there are 34 nilpotent six-dimensional algebras B4, BH all of
which admit cocompact lattice [B9). This gives 34 classes of nilmanifold; within each class
the cocompact subgroup can vary, but for most of the paper only left-invariant forms are
considered, which do not see the difference. The algebras are placed in a descending order
of “twistedness” in table ] — the bottom of the table is occupied by the straight 7 while
the upper levels are populated by manifolds with lower first Betti numbers. To make
references easier we label each manifolds by two numbers — its first Betti number and the
relative position in the table; these labels are in the first column of the table. In the second
column the structure constants are given. The way these define the action of the exterior
derivative d on the forms e is the following. For example, the manifold 2.1 of table [,
which has b; = 2 and is in the first line, has structure constants given by (0,0,12,13,14,15);
thus, de' = 0,de? = 0,de® = e' A e?,de* = el Ae3, and so on.

We adopt a similar format for presenting compact (algebraic) solvmanifolds which
are collected in table . A word of caution is due here. As already mentioned, for the
nilmanifolds, the de Rham cohomology is isomorphic to the Lie algebra cohomology G [Bg].
This is no longer the case for generic solvmanifolds. Thus the first of the integers labeling
each entry in table [f] refers to the dimension of the first cohomology on the complex of the
left-invariant forms.

In table [, the next four columns (taken from [RI]]) tell about the types of the closed
pure spinors, i. e. some underlying integrable structure, admitted by the given nilmanifold.
If such a spinor exists, it is marked by a symbol /. The construction of the most general
closed pure spinor of the given type is not hard, and examples are given in the text. In
order to compare to figure [, we can count the number of v/ in each column and confirm the
existence of 18 closed type 3 pure spinors (i.s. integrable complex structure) and 26 type
0 (i.e. integrable symplectic structure). Note that we talk here only about the individual
pure spinors — two closed pure spinors of different types for a given manifold are not
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compatible and do not define a metric. In particular the 15 nilmanifolds that have both
closed type 3 and 0, do not have a metric of special holonomy to go along with these.
Finally, we see that there are 5 cases where there are no closed type 0 or 3 pure spinors.
These were the cases shown to admit a generalized complex structure in [RI], i.e. either
type 1 or type 2 closed pure spinor.

The last five columns (in both tables) give the possible involutions compatible of the
algebras. We actually only considered involutions that act with + on the basis of one-
forms e®. All other involutions we found were related to these by changes of coordinates.
It is possible that more involutions exist. With this in mind, the action of the involution
on the one-forms o(e) = +e’ can be characterized, in each case, by a certain number of
independent signs. For example, considering the manifold 2.1 of table [, it is not hard
to see that choosing the sign of e! and e? determines all the others. For example, since
fi, =1, the sign sign(e?) is forced to be equal to the product sign(e!) x sign(e?). The rest
of the signs are determined by the sign of these two. The manifold 2.3, on the other hand,
is more restrictive due to the extra condition sign(e!) x sign(e®) = sign(e?) x sign(e®). This
leaves us with a single one-form whose sign can be chosen independently from the others.
Of course when we realize all the possibilities, we are going to get different assignments
of + and — signs which give us all the admissible orientifold planes. Clearly the case of
six pluses is always allowed, while six minus signs are never allowed other than for zero
structure constants, i. e. 76. Thus it is not hard to see that if we sum the number of
possible involutions for each manifold, the total is always 2" — 1, where n is the number of
independent signs and we have subtracted one for the all-plus case which corresponds to
an 09. The only exception to this is 7%, where to the total on the last line of the table
we should add 1 for the O3-plane in order to get all of the 63 allowed orientifold planes.

Some additional explanation is due for the second column in table . The criterion
in [IJ] to check that a Lie group G with given structure constants can be made compact by
quotienting by a subgroup I' assumes that G be algebraic (as explained in P.9). As checking
this hypothesis might be tricky, we have first applied Saito’s criterion to all the solvable
algebras in [B7 and [BJ. All the ones that passed the test are given in table . Then, we
have tried to check the algebraic hypothesis on each case of this restricted list. We have
checked this by first explicitly finding by hand a faithful (one-to-one) n-dimensional (for
some n) representation for G in each case (the adjoint representation has usually a kernel
and hence cannot be used; we have found the representations by trial and error). Given
the representation, we have seen if the resulting subgroup of Gl(n,R) could be described
by polynomial equations. We denote this by a “yes” in the second column of the table.
The ones for which this symbol is absent are still listed, because there might be another
representation, which we have not found, in which G is actually described by polynomial
equations.

In both tables we label the manifolds by the dimension of the first cohomology on the
space of left-invariant forms, and the position they occupy in the table. A ,/ indicates
that the manifold admits a closed pure spinor of the given type (T3=type 3). We indicate
the allowed 04,05, O6 and O7-planes by giving its parallel directions, and O8-planes by
giving the transverse ones. The symbol ‘-’ denotes nonexistence of either a pure spinor or
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n  |Nilmanifold class T3|T2|T1|T0| O4 05 06 o7 08
2.1 [(0,0,12,13, 14, 15) 1 -1vIvl 1 35 246 - -
2.2 [(0,0,12,13, 14, 34+ 52) | =1v|-1 - 35;16;24 - - -
2.3 ((0,0,12,13, 14, 23+15) - -lvIvl - 35 - - -
2.4 [(0,0,12,13,23,14) -1 -1vl - 36;15;24 - - -
2.5 [(0,0,12,13,23,14—25) -1 -1vl - 36;15;24 - - -
2.6 [(0,0,12,13,23,14+25) VIvIiviv]e - 36;15;24 - - -
2.7 (0,0,12,13,14423,34+52)| — | - |/ |- | - 24 - - -
2.8 [(0,0,12,13,14423,24+15)| — | - |/ |v/| - - 246 - -
3.1 [(0,0,0,12,13,14+35) “vIv-1 - 34;45 - 1246 -
3.2 [(0,0,0,12,13,14+23) vivivivl - 34 135;236 - -
3.3 [(0,0,0,12,13,24) VIvIvIvl = | 2316;25;34545 - 1246;1356 -
3.4 [(0,0,0,12,13,14) NANVANVAVAEE! 34;45 236;135;256 1246 -
3.5 [(0,0,0,12,13,23) VivivIive - 16;25;34 124;135;236;456 - -
3.6 [(0,0,0,12, 14, 15+23) 1 -1vIvl - 46;13;25 - - -
3.7 [(0,0,0,12,14,15+23+24) |- |- [/ |v| - 25 - - -
3.8 [(0,0,0,12, 14, 15+24) 1 -1vIvl - 25 235 - 13
3.9 [(0,0,0,12,14, 15) - -lvIv 46;13;25 235,346 - 13
3.10/(0,0,0, 12, 14, 24) Vivivi-1 4 16;25;34 136;235 - 13
3.11((0,0,0,12, 14, 13+42) Vi-1vIvI - 34 1365235 - -
3.12((0,0,0,12, 14, 23+24) Vi-1vIvI - 34;25:16 - - -
3.13((0, 0,0, 12,23, 14+35) —vIivIi-| = | 1315:26;34;45 - 1246;2356 -
3.14/(0, 0,0, 12,23, 14— 35) VIivIivIi-1 = | 1315:26;34;45 - 1246;2356 -
3.15((0,0,0,12,14—23,15+34) | - |/ |V |v]| - 13 235;346 - -
3.16((0,0,0,12,14+23,13+42) [/ ||V |v| - 34 136;235 - -
4.1 {(0,0,0,0,12, 15+ 34) —{vIvI-| - | 354526;13;14 - 1256;2346 -
4.2 |(0,0,0,0,12,15) VIV 155 | 26;13;14;35:45 | 134;236;246;345 1256;2346 1:3;4
4.3 {(0,0,0,0,12, 14+25) VIvVIVIVI - 2445 146;234;345 1346 13
4.4 {(0,0,0,0,12, 14423) vivivivl - 56;13;24 125;146;236;345 - -
56;16;26;14;13 T235;1745;1256
4.5 1(0,0,0,0,12,34) VIVIVIV] - 23;24;35;45 - 1346;2346;3456 -
4.6 {(0,0,0,0,12,13) VIvVIVIVI 1 | 561452653523 | 234:125:136 1245;1346 14
246;345;456
4.7 (0,0,0,0,13+42,14+23) ||V |V I|v]| - 56;12;34 135;146;236;245 - -
5.1 |(0,0,0,0,0,12434) VIvVIVI-1 6 | 56;13;14;23;24 1265’;56_;12:15;145 12563456 15
52 (0,000,012 VIV |V] 126 | et s | i <345
134;234
6.1 {(0,0,0,0,0,0) VIV IV [V |any (6) any (15) any (20) any (15) any (6)
Table 4: six-dimensional nilmanifolds.

an O-plane. In table [], only the ones with a ”yes” in the second column are established

as compact solvmanifolds; the other ones might or might not be. Also, we do not consider

non-algebraic compact solvmanifolds. Notice that s 3.2 is actually obtained by setting

a=01in s 1.1, and likewise s 4.1 is obtained by setting « = 0 in s 2.5. Given that doing

this changes the Lie algebra cohomology (the cohomology computed on the left-invariant

forms), we have decided to list them separately.
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s Alg.?  |Solvmanifold class 04 05 06 o7 08

1.1]yes Va € Z|(23, —36, 26, —a56, 46, 0) - |716,24,25,34,35 - 1236,1456 -

1.2 (24 + 35, —36,26, —56,46,0) | - 16,25,34 124,135,236,456 - -

2.1 (23,0, 26, —56, 46, 0) - | 716,24,25,34,35 - 1236,1456 -

22 yes |[(35— 26,45+ 16, —46,36,0,0)| - 14,23,56 126,135,245,346 - -

23] yes [(24 + 35,0, —56,0, 36,0) - | 16,23,25,34,45 - 1246,1356 -
14,15,16,24,25 1234,1235,1236

24| yes  1(23,13,0,56,-46,0) ~ | 26,34,35,36 - 1456,2456,3456 |

2.5|yes Vo € Z[(25, —15, a45, —a35,0, 0) 5 | 13,14,23,24,56 |125,136,146,236,246,345| 3456, 1256 16

2.6 (25+35,-15+45,45,-35,0,0) 5 14,23,56 146,236 - 16
T4,15,16,24,25 T234,1235,1236

31| yes  1(23-13,0,56,0,0) ~ | 26,34,35,36 - 1456,2456,3456 |

32 yes  [(23,34,-24,0,0,0) 2, 3| 14,25,26,35,36 146,145,256,356 1234, 1456 15,6

3.3 (25,0,45,-35,0,0) 5 | 13,14,23,24,56 |125,136,146,236,246,345| 3456, 1256 16

3.4 (23 + 45, —35,25,0,0,0) - 24,34 145,246,346 1456 16
14,15,16,24,25 1236,1234,1235

4.1  yes  [(23,-13,0,0,0,0) 1,23 0 e 123,145,156,346,256 o 1:4,5,6

26,34,35,36 945.356,345,146,246 | 1456,2456,3456
Table 5: six-dimensional compact solvmanifolds which are possibly algebraic.

C. Orientifold projections and pure spinor equations

In this appendix we give the form of the supersymmetry equations ([.4) and ([.3) for the
different orientifold projections in ITA and IIB in the cases of type0-type3 spinors (B.49)
and typel-type2 (B.49), subject to the rescaling Ansatz supposing the rescalings (f-2):

A-a )

Axi
€r e_

ef =e =e “ev
We also give the most general form of pure spinors in terms of the 1-forms e®, e’ trans-
forming under the involution as o(e®) = €%, o(e’) = —¢' and the moduli of the manifolds.

C.1 IIB: O5 orientifolds

For type3-type0 pure spinors, (B-43) the O5 projection sets a = b. Inserting the explicit
expressions for the spinors in the supersymmetry variations (f.9), (.J) with & = &_,
$y = ¢, we obtain

e = gyt
d(e?Q3) = 0
dJ* =0
A1) = gee* x Fy
H=0, (C.1)

where g, in the first equation is an integration constant, that we take to be the large volume
limit (A = 0) of €?. In this case, these equations actually follow from ({.9), (£.3), without
assuming (f.4). The most general (23 compatible with the O5 projection (which leaves it
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invariant) is®®

Qs =2 A2 A2 = (el +irte® +ir?et ) A(e? +irde® +irtet) A (el +itTed) . (C.2)
where 71,71, ..., 7% are complex constants and by definition 2’ are the holomorphic 1-
forms. The most general fundamental 2-form compatible with Q3 (i. e., satisfying (B.49))
is

J = % (A s PN+ b AP b A+t P A) =T+ (C3)
where ¢; are real and b is complex. The normalization condition (B.4H) requires t3(t1ts —
) = 1.

We now turn to the discussion of the hybrid of SU(2) structure. Inserting the type
1-type 2 pure spinors of table 2 in eqs (.9), ([{.3)

ed) e2A
d(e?Q) = 0
W Adj = —i W AH
d(e* Refdy) = —geett x Fy

we get the following system

1 s _
idA N ReQp A QA — SH ATmQp = —%e% «Fy A A
1 s
SH AReQ; = %e“ « By (C.4)

The transformation properties of the pure spinors and H under the orientifold projec-
tion are given in table 2. These imply

Q=28 =17
Qo = 28 A 2% = (el +irlel) A (ed +itPel)
j = % (tiz' A2+ 122 A2+ b(2I AZE -2 A 2P))
H = h;j et Nel Nel + B €M e nef ne, (C.5)

where a sum over 4,7,k,1 = 1,...,4 is understood. In these equations 7,” are complex,

while Tl-l, 7'22 are real, which means there are 8 complex structure moduli in all. On the
other hand, t1, t2 and b are all real, the same as h;, h,.

The volume is given by
vol=/gel Ne2 Ae® et nel net = —8ie A (D, 0,) = %Qg AQAQ A (C.6)

where the normalization condition <<i>+,<1>+> = <<i>,,<1>,> requires Qy A Qp = 252, or in
other words (t1t2 — |b]?) = 1.

35This is the most general Q3 compatible with an O5 up to an overall complex scaling which can be
absorbed by the phase of b and the modulus |b|? relative to e?*. Equations @), (@) are invariant under
this overall scaling.
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C.2 IIB: O7 orientifolds

For the O7 case, the supersymmetry equations (f.2) and ({.3) for type0-type3 become

€¢ = gse 44
d(eQ3) = 0
de24)) =0
d(J?) = —295 Ry
H=¢"g, «Fy
AQs=HANJ=0 (C.7)

and the general form of t 23 and J compatible with the orientifold projection is

Qs = (e} +irted +ir?ed) A (2 +itded +itted) A (el +itTe?)
J:%(tlz NE bty PN Hb AN b A2+t 2202 . (C8)

In these expressions, all 7’s as well as b are complex, while ¢; are real.

For typel-type 2 the supersymmetry equations are

? = gse
d(e= Q) =0
U Ad = —i 9 AH
d(e”Rey) = 0
d(Im€y) = —g, e* « Fy
—2idAN ReQa Ay AQy — HAImQy = gse*d « Fy
2iH AReQy = —2igse* « F30 Ay (C.9)

The transformations of the spinors imply

0 Ez?’—TJrei
Qo = 2! N2 = (el +irtel) A (2 +itPel)
j = %(tlzl/\21—|—t2z2/\,§2—|—b(z1/\22—21/\22))
H = hy; ei,/\e}r/\e%r—i-hgi ei/\ei/\ei—i—hg,‘ ei/\ei/\ei—i—
ha; ei_/\ei/\e:j’r—i-h& ei/\ei/\ei—i—hw ei_/\ei/\ei (C.10)

+

where 7, are complex, while all the rest are real.

C.3 ITA: O6 orientifolds

We start with the SU(3) structure case. For type3-type 0 spinors corresponding to O6,

— 77 —



egs. (.9) and (.3) become

)
H=0
dJ =0
d(e"ReQ3) = 0
d(e’Tm€Q3) = —gse* x Fy . (C.11)

The most general spinors compatible with the orientifold projection are

Q3 = 2 AP A2 = (el +iTae}) A (€2 +it2e) A(e? +iToes)

J:%<t1 AN bty PN b3 BN R b (A - Zj/\zk)) (C.12)

where all T]’», a; and b; are real.

For typel — type 2 spinors, or in other words for SU(2) structure, and an O6 projec-
tions we get the following equations

e = gy
d(Qs) = 0
d QL AQ)AQe = 2H Ay
d(e™j AReQ) = —e A H A Tm,
d(e"ReQ) = g, et « Fy

d(e?j ATmE) = e H AReQy — goe*d « Fy (C.13)
The general spinor for this case are

O =2°2= Tifei_ + iT;'ei

Qo = 28 A 2% = (1he%) A (TPel)
i
T2
H=nh_e  Ne* ned + hjg eﬂ/\eﬁ/\ejr . (C.14)

j (t1z' AZH 4t 22 A 22)

. 1,2 .
In these expressions, 7’7 are complex, while Tii, t; and h’s are real.
K b

C.4 ITA: O4 and OS8 orientifolds

The O4 and O8 projections do not allow SU(3) structure. Thus we only give the super-
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symmetry variations for the typel-type2 pure spinors

e?

= Gs
d(e*') =0,
d(e240) = 0
detv A j) = —eAH N, (C.15)
ReQo Ad(v Av') = —H ATmQy,
ImQy Ad(v Av') = H A Res,
VAJAd] = —-HAVAG,
d(e*tv) = —gs €™« Fy,
A AN j) = EAH ANv+ go et « By,
A njAnG) = =23 HAV AN j+2g,e* « Fy. (C.16)

The general pure spinors compatible with an O4 and the NS flux are

w

el
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H = hyjeTHmek pel pem (C.17)

where 772, t; are real, while 7' > and b are complex, and we should bear in mind that

Z )

Q = v + #'. The spinors compatible with an O8 are
O, =22 = 7'36’ +ie_
Qo = 28 A 2% = (1he%) A (T2e2)
j pu—
H pu—

%(tlz AN+t NZ24+b 2 N Z2 — 521/\z2)
hije~ /\eJr/\eJr (C.18)
where TE’, t; are real, while 7'3’2 and b are complex.

In the presence of O8-planes alone, the only flux allowed is Fy, and it comes purely
from a derivative of the warp factor. In the large volume limit, there are no RR fluxes
and therefore the manifolds are generalized Kéahler. This is similar to the situation for
O7 projection. However, the pure spinors for O8 have a very nonsymmetric expression,
and looking for two closed pure spinors of this form turns out to be much more involved.
We have checked that there are no solutions among the compact solvable not nilpotent
algebras, but the possibility of finding a solution among the nilpotent ones is not ruled out.
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